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Abstract
The detection of gravitational waves (GWs) by the LIGO Virgo Scientific Collaboration in 2015
has been a tremendous achievement and ignited the era of GW astronomy. The first LIGO
detection was a black hole binary of about 30+30 solar masses emitting in the audio frequency
band. These black holes were remnants of massive stars forming a binary. Driven by the
emission of GWs, the black holes spiralled into each other and eventually collided to produce
a new heavier black hole. Even though only the last ∼ 200 ms of the GW emission have been
detected by LIGO, it has been enough to find the masses, rough distance and sky location of the
black holes. In addition to these tens of solar mass black holes, we have strong evidence that
massive and super massive black holes up to several billion solar masses exist in the centre of
galaxies. Since galaxies form hierarchically, super massive black hole binaries (SMBHBs) are
expected to form frequently during galaxy mergers along the cosmic history. The more massive
a binary is, the longer the orbital period is, i.e. the smaller the orbital frequency is. As GWs are
emitted at multiples of the orbital frequency, the GW frequencies emitted by SMBHBs do not
fall in the LIGO(Hz) frequency band, but in the mHz to nHz range. In the mHz regime LISA is
hoping to find a population of massive black hole binaries that reside in smaller galaxies. The
heaviest SMBHBs can be found in the most massive galaxies with masses up the 1012M. This
is the nHz regime, where Pulsar Timing Arrays (PTAs) are looking for GWs. Together, LIGO,
LISA and PTAs will provide an extensive coverage of the GW frequency spectrum, akin to the
electromagnetic spectrum.
Focussing on the sources in the PTA nHz regime, we can find super massive black holes in
the centre of massive galaxies, which have also been observed to merge. Consequently, the
central black holes should also form a binary and merge when their host galaxies collide. The
galaxy merger rate can be calculated from astrophysical observables, such as the galaxy stellar
mass function, pair fraction and merger time scale. Using galaxy - black hole relations it can
be converted into a SMBHB merger rate, i.e. the population of SMBHBs in the Universe.
Additionally, properties of individual SMBHBs, like their eccentricities and the densities of their
stellar environment, also have an impact on the emission of GWs. All the GWs emitted by the
population of SMBHBs form a gravitational wave background (GWB), which is one of the prime
targets for PTAs. Although, PTAs have not been able to detect such a background yet, stringent
upper limits on the GWB have been produced.
This thesis aims to investigate what we can learn from these upper limits as well as what could be
learned from a detection. To answer this question, astrophysical inference from PTA observations
are performed. I introduce an astrophysically motivated parametric model to compute the strength
of the GWB. Uncertainties in the galaxy merger rate, galaxy - black hole relations as well as
the properties of the individual SMBHBs are all taken into account in the model as parameters.
Bayesian sampling analyses are run to see what constraints can be found on these parameters
from the current PTA upper limits and simulated detections. As the model is constructed from
astrophysical observables, we can directly compare and combine the constraints from PTA with
traditional electromagnetic observations to produce a multi-messenger picture of the cosmic
formation and evolution of the most massive black holes and galaxies in the Universe.
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CHAPTER 1
INTRODUCTION
1.1 Hunting Gravitational Waves with Pulsar Timing Arrays
Supermassive black holes have been found to reside in the centres of massive galaxies and to be
closely related to the evolution of their host galaxies (see Kormendy and Ho, 2013, and references
therein), which have also been observed to merge (Kauffmann et al., 1993). As two galaxies
merge, they trigger the formation of a supermassive black hole binary (Begelman et al., 1980).
The black holes in the newly formed SMBHB spiral into each other emitting gravitational waves
until they eventually merge (Peters and Mathews, 1963). Since SMBHBs have masses of 109M,
the emitted GWs are very strong, but their orbital periods are also very long, making them the
loudest GW sources at lower (in particular nHz) frequencies. As there are many SMBHBs in
the Universe, the superposition of all their emitted GWs forms a stochastic gravitational wave
background (e.g. Rajagopal and Romani, 1995; Jaffe and Backer, 2003; Sesana et al., 2008). The
detection of GWs in the nHz regime with Pulsar Timing Arrays is a challenging prospect and
complements the LIGO detections in the Hz and planned LISA mission in the mHz frequency
bands very well, see figure 1.1.
PTAs (Foster and Backer, 1990) use the extremely regularly emitted radio waves from pulsars
1
Figure 1.1: Comparison of the sensitivity curves and sources of GWs for the three major
running/planned GW Astronomy experiments: PTA, LISA and LIGO, produced using the
Gravitational Wave Sensitivity Curve Plotter (Moore et al., 2015a)
to look for GW induced changes in their time of arrival (TOA) series, see figure 1.2. When a
radio pulse from a pulsar passes through the GWB its travel time is lengthened and shortened.
Thus, the TOA of the pulse at Earth is also influenced accordingly. The TOAs from two different
pulsars affected by the GWB are correlated in a characteristic fashion. This correlation, also
known as the Hellings-Downs curve (Hellings and Downs, 1983), can be used as a smoking
gun for a GW detection. Consequently, it is crucial to precisely time a number of pulsars in an
array. To time a pulsar precisely we need a detailed model of the TOA of the pulses, minimizing
the uncertainty on their detections (Hobbs et al., 2006; Edwards et al., 2006). Subtracting
the measured TOAs from the predicted ones gives us the residuals. These residuals contain
information on effects that have not been modelled, are of unknown origin or may just be noise
from the instruments. Cross-correlating data from different pulsars across the sky can be used to
look for a GWB, even if it is hidden with other sources of noise in the residuals. This is what
PTA projects do to achieve their goal of detecting GWs in the nHz regime. A recent review on
2
Figure 1.2: Artist’s impression of how a Pulsar Timing Array works. Green lines show the
perturbed spacetime due to the GWB, pulsars are shown as black spheres emitting radio signals,
yellow lines show the null geodesic of the radio pulse towards Earth, credits: David Champion
PTAs can be found in Perrodin and Sesana (2017).
Several collaborations are actively searching for GWs with PTAs: the European Pulsar Timing
Array (EPTA) (Ferdman et al., 2010), the North American Nanohertz Observatory for Gravi-
tational waves (NANOGrav) (Jenet et al., 2009) and the Parkes Pulsar Timing Array (PPTA)
(Hobbs et al., 2009) have joined forces in the International Pulsar Timing Array (IPTA) (Hobbs
et al., 2010). A number of other PTA collaborations, from India with the Giant Metrewave Radio
Telescope (GMRT) (Swarup, 1991), China with the Five-hundred-meter Aperture Spherical
radio Telescope (FAST) (Nan et al., 2011) and the QiTai radio Telescope (Wang, 2014) and
South Africa with MeerKAT (Booth et al., 2009) and the Square Kilometre Arrray (SKA) (Smits
et al., 2009), are in the process of joining the IPTA, further driving the prospect of a detection
of GWs. PTAs have reached sensitivities at which a detection of a GWB could be possible
(e.g. Rosado et al., 2015; Janssen et al., 2015; Taylor et al., 2016b), thus starting to probe the
predictions from SMBHB assembly models. Since no detection has been made yet, it is only
possible to put an upper limit on the GWB (Lentati et al., 2015; Arzoumanian et al., 2018a;
3
Shannon et al., 2015; Verbiest et al., 2016). These upper limits can be used to constrain the
astrophysical properties of the population of SMBHBs, the properties of their binaries and host
galaxies (e.g. Middleton et al., 2016; Simon and Burke-Spolaor, 2016; Taylor et al., 2017b). GW
observations on the population of SMBHBs through PTAs allow for a new and independent way
to get these constraints compared to using observations in the electromagnetic spectrum.
1.2 Pulsars
Pulsars are spinning neutron stars that constantly emit radio waves along their magnetic axes. If
the magnetic axis is offset from the rotation axis and happens to point towards Earth, we will
receive regular radio pulses each rotation of the neutron star, similar to the light from a lighthouse,
see figure 1.3. Since the first pulsar discovery in 1967, more than 50 years ago (Hewish et al.,
1968), they have become both mysterious objects as well as useful tools. Mysterious as we still
do not know the exact mechanisms driving the emission of radio waves (see e.g. Harding, 2017;
Melrose and Rafat, 2017, and references therein) and useful as they serve as very stable clocks
kiloparsecs away from Earth. Especifically, millisecond pulsars (MSPs) (Backer et al., 1982),
whose rotation periods are of order of ms, are the most stable natural astronomical clocks. They
are therefore a very useful tool for astronomical observations, not only to understand the intrinsic
properties of the pulsars, but also to investigate all the effects on the travel time of the radio
pulses through interstellar medium to the Earth (see Lorimer and Kramer, 2012, for a review).
Some pulsars that are in binaries can also be used to study and test General Relativity in extreme
circumstances (Kramer et al., 2006), including the first evidence for GW radiation from the
Hulse-Taylor binary (Hulse and Taylor, 1975). This thesis will focus on using pulsars as precise
clocks to look for GWs.
The commonly accepted model of pulsar formation and evolution from Lorimer (2008) is
schematically shown in figure 1.4. Isolated stars have a chance to become young pulsars after
their supernova. Young pulsars slowly spin down over the next tens of Myr until the radio
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Figure 1.3: Diagram showing the pulsar radio emission, reproduced from Lorimer and Kramer
(2012)
emission energy becomes negligible. However, stellar binary systems can also create young
pulsars, MSPs and pulsar binary systems. As two stars evolve in a binary, the primary more
massive star will first undergo supernova. This supernova can give a strong enough kick to
disrupt the binary into one young pulsar and a runaway star. Since many stars in a binary are
disrupted from supernovae, there are many young pulsars without companions. If the stellar
binary survives the first supernova, the young pulsar still spins down until the secondary star
starts to transfer mass and momentum to the neutronstar spinning it up to ms periods again. The
resulting pulsar is often referred to as a recycled pulsar. The further evolution of the MSP - star
binary depends on the mass of the secondary star. For low masses the second supernova typically
leaves the binary intact and a MSP - white dwarf binary system is formed. For high masses the
second supernova can disrupt the binary to produce a new young pulsar and a recycled pulsar. In
rare cases when the MSP - star binary survives the second supernovae it can become a double
neutronstar system. Most MSPs can therefore be found in binary systems with white dwarfs,
stars or neutronstars, whilst young pulsars are mostly isolated, see figure 1.5.
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Figure 1.4: Schematic cartoon of the pulsar evolution, reproduced from Lorimer (2008)
Figure 1.5 shows the currently known population of pulsars. There are two distinct population
of pulsars: normal young pulsars with rotation periods of seconds and old millisecond pulsars.
Normal pulsars have less stable intrinsic physical properties, as they have formed not too long
ago and are still evolving. Older MSPs are a lot more stable, i.e. their intrinsic properties do
not change much. This makes them more useful as astronomical clocks, which can reach timing
precision . 100 ns (Desvignes et al., 2016; Arzoumanian et al., 2018b; Reardon et al., 2016).






PSRCAT plot (Catalogue v1.59)
Source: http://www.atnf.csiro.au/research/pulsar/psrcat
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Figure 1.5: The currently known pulsar population plotted in a period P0 vs period derivative P1
diagram from the ATNF Catalogue (Manchester et al., 2005): blue dots mark isolated pulsars,











where dL is the luminosity distance of the SMBHB, M is its total mass and f the observed
GW frequency. A SMBHB with a total mass of 109M at a distance of 1Gpc emitting GWs at
10−8Hz induces a timing noise of ∼ 20ns. This fact makes it feasible to look for GWs by timing
MSPs with PTAs (Sazhin, 1978; Detweiler, 1979).
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1.3 Timing
Having established that pulsars are great astronomical clocks, we now proceed to time the pulses
with the following procedure:
1. measure the TOAs of a pulsar from the observation
2. create a timing model for the pulsar from the measured TOAs
3. subtract the modelled from the measured TOAs to get the residuals
4. repeat steps 1 to 3 for each observation to add more TOAs and improve the timing model
A well-fitted timing model should keep the residuals ideally at zero, but in practice there are
various sources of noise as well as unknown and undetected interesting physics producing small
deviations from zero.
Following Edwards et al. (2006) the timing model can be written as a series of geometric
translations between the pulsar and the observatory on Earth:
t psre = t
obs
a −∆−∆IS−∆B (1.2)
where the time at which the radio pulse is emitted t psre is related to the time at which the pulse is
received at the radio telescope tobsa via coordinate transformations/delays: 1. from the observatory
a to the solar system barycentre (SSB) ∆, 2. from the SSB to the barycentre of the pulsar
system (BB) ∆IS and 3. from the BB to the pulsar itself ∆B.
The transformation between the observatory and the SSB contains various delays, that can be
split up into
∆ = ∆A +∆R+∆p +∆D+∆E+∆S, (1.3)
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where ∆A are atmospheric delays due to the scattering of the photons in the ionosphere, ∆p is the
parallax delay, ∆R,∆E,∆S are the Roemer, Einstein and Shapiro delay for the solar system
coming from transformation to the SSB and ∆D is the dispersion of photons between the Earth
and the Sun due to the electrons in the solar wind.
To avoid timing anomalies from Earth’s spin, orbital acceleration or gravitational potential
variations TOAs are transformed from the observatory on Earth to the SSB, which can be
approximated as an inertial system. The classical light travel time between the observatory
(Earth) and the SSB is given by the Roemer delay. The Einstein delay adds the time dilation and
gravitational redshift caused by the Planets and Sun from General Relativity. Shapiro delays are
due to the slow down of photons when moving through curved spacetime created by massive
objects.
The transformation between the SSB and the BB is made of the vacuum travel time of the
photons and other delays:
∆IS = ∆V P +∆ISD +∆FDD +∆ES (1.4)
where ∆V P is the vacuum propagation time of the signal, ∆ISD is the instellar dispersion of the
photons, commonly characterized by the dispersion measure (DM), ∆FDD accounts for other
frequency dependent propagation delays and ∆ES accounts for the special relativitic time dilation.
Lastly, if the pulsar is isolated, then the transformation between the BB and the pulsar is trivially
zero. However, if the pulsar is in a binary like most MSPs, this transformation becomes important
and is affected by General Relativistic delays:
∆B = ∆RB +∆AB +∆EB +∆SB (1.5)
with ∆RB,∆EB,∆SB being the Roemer, Einstein and Shapiro delays in the pulsar binary system
and ∆AB a delay due to aberration from the relative transverse velocity between the pulsar and
Earth.
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Analogous to the transformation from Earth to the SSB, the transformation from the BB to
the pulsar itself from pulsar binary systems also contains Roemer, Einstein and Shapiro delays.
However, the pulsar binary system is more extreme than the solar system and relativistic effects
play a more significant role. In addition to the five classical Keplerian parameters: orbital
period Pb0, periastron longitude ω0, eccentricity e, time of periastron passage T0 and projected
semimajor axis x0 of the binary from the Roemer delay, precision pulsar timing on the most
stable and extreme systems can allow for the measurement of up to 5 further post-Keplerian
parameters: rate of periastron advance ω̇ , relativistic delay term γ and the orbital decay Ṗb
from the Einstein delay and the two Shapiro delay range r and shape s terms. These 5 post-
Keplerian parameters can all be expressed in terms of the masses of the two objects in the binary,
the detailed expressions can be found in equations (80-86) in Edwards et al. (2006). With 2
parameters the two masses can be determined, each additional measured parameter provides
one more independent test for General Relativity. The 3 Einstein delay parameters ω̇,γ, Ṗb have
first been detected in the Hulse-Taylor pulsar - neutron star binary B1913+16 (Hulse and Taylor,
1975) providing solid evidence for GW emission. Kramer et al. (2006) have used an even better
timed double-pulsar system J0737-3039 to measure all 5 post-Keplerian parameters to provide
the most stringent tests on General Relativity using pulsar timing to date.
All these delays create a massive model with pulsar specific and many other parameters. The
best fit values of all parameters for a given pulsar form the timing model for this pulsar. For a
more detailed review on the timing model, see Edwards et al. (2006). This timing model has
been implemented into a well used and tested legacy code package: tempo2 (Hobbs et al., 2006)
as well as a modern and independent code package: PINT (Luo et al., 2018).
To get the residuals Ra(t) one can subtract the measured TOAs tobsa from the TOAs predicted by
the timing model tT Ma
Ra(t) = tobsa − tT Ma . (1.6)
Subscripts a denote the observation at one individual telescope. These residuals can be trans-
formed from time into frequency domain via a Fourier transform to get the spectral density
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Sa( f ):




Ra(t)e−2πit f dt. (1.7)
Ideally the model should predict the observation perfectly, this leaves the residuals to be zero.
However, this is not the case in practice. There will be noise from the instruments and other
unaccounted effects left in the residuals. The effect of interest for this thesis is GWB induced
noise. To distinguish it from other sources of noise we need to time many pulsars in an array.
1.4 Arrays
As there are various sources of noise in the timing residuals, it is impossible to distinguish GWB
induced changes in the TOA series from other sources of noise from a single pulsar alone. It is
thus necessary to observe many pulsars and look for a correlated source of noise with specific
properties between all pulsars. A prime candidate is the GWB from a population of SMBHBs.
This background is the stochastic superposition of all the GWs emitted by SMBHBs and affects
all pulsars in a common way. Hellings and Downs (1983) have shown that for an isotropic GWB
the correlation has a specific shape, see figure 1.6. This correlation is only dependent on the

















where γi j = [1− cos(ζ )]/2 and δi j is the Kronecker delta function for the pulsar pair i j.
This characteristic correlation can act as a smoking gun for the detection of a GWB with PTAs.
To fill figure 1.6 with data points, many pairs of pulsars are needed. Ideally, they should be
isotropically distributed on the sky to cover the entire ζ axis of figure 1.6. The need to observe
and time many pulsars coins the term array. However, each pulsar added to the array increases
the computational need. Thus it is important to only include the pulsars with the best timing
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Figure 1.6: Hellings-Downs correlation. The left figure shows the Hellings-Downs correlation
between pulsars with angle ζ , the right figure shows the position of the pulsar pair with respect
to the Earth(SSB), reproduced from (Jenet and Romano, 2015)
stability, noise properties and sky location to improve the overall sensitivity of the PTA (Siemens
et al., 2013). Other sources of noise that might confuse a GWB correlation are shown in the next
section.
1.5 Noises
To search for a GWB hidden in the residuals as many sources of noise as possible need to be
modelled and taken into account. We can distinguish between correlated and uncorrelated noise.
Uncorrelated noise is specific to each pulsar and can be modelled physically, if the source of
noise is known and phenomenologically if it is unknown. To model correlated noise between
pulsars, understanding the underlying physical cause is necessary. Once all sources of noise and
the GWB have been put into a full noise model, the overall analysis can be run on all parameters
in the noise model and see whether there is evidence for a GWB. The following describes the
sources of noise and how they are modelled in the three different PTA collaborations (Caballero




White noise is a frequency independent noise affecting all TOAs with the same power and is
mostly caused by instrumental uncertainties. White noise is modelled as a Gaussian distribution
around the true value of the TOA with a standard deviation of σk for the observation k. It can be

















where W is the effective pulse width, P is the spin period of the pulsar, f is the frequency at
which the pulsar is observed, α is the spectral index of the flux density powerlaw, ∆ f is the
bandwidth of the receiver, N is the number of pulses used to create one TOA, Ssys is the system
temperature expressed as a flux density and S1400 is the mean flux density from the pulsar at
1400MHz.
However, the true level of noise may be underestimated. There are two common parameters in
PTAs that take care of white noise: EFAC Ek and EQUAD Qk. Both are included in the full noise
analysis for each independent pulsar observation. Given the estimate σk on the instrumental
white noise from equation (1.9), one can add an additional factorial error EFAC Ek and error in






There is one additional parameter ECORR Jk, which is a NANOGrav specific white noise param-
eter for simultaneous observations with the same instrument. These simultaneous observations
cause the shape of the received pulses to vary slightly between the observations, introducing
extra time correlated but frequency independent white noise. The ECORR Jk parameter can
take care of this white noise, the detailed mathematics of which can be found in the appendix of
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Arzoumanian et al. (2015).
1.5.2 Uncorrelated Red noise
Red noise is frequency dependent, i.e. the power of the noise for different TOAs varies. It can be
both of instrumental cause and of astrophysical origin, which makes it very interesting to study.
Generic red noise can be both correlated and uncorrelated among pulsars. The power Pred( f ) of
uncorrelated red noise in a specific pulsar is usually modelled phenomenologically with a power
law with an amplitude Ared and spectral index γred due to its unknown origin:





To ensure that this model is an accurate representation for the pulsar specific red noise, other
effects that could mimic uncorrelated red noise have to be considered in the noise analysis as
well. One major effect are variations of the dispersion measure. The DM can be calculated by






The dispersion of the radio waves through the interstellar medium impacts the TOAs dependent














The higher the energy and frequency a photon has, the less it will be scattered and thus arrives
earlier. The delay between photons with high frequency fhigh and photons at an observed
low frequency flow is directly proportional to the DM. DM variations directly translate into
TOA errors and can incorrectly be interpreted as red noise in the residuals. Multi-frequency
observations (Lam et al., 2015; Cordes et al., 2016) and the modelling of DM variation (Keith
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et al., 2013; Lee et al., 2014) are thus crucial to correctly determine the intrinsic red noise in a
pulsar. Each PTA has a slightly different approach to model DM variations, which can be found
in Caballero et al. (2016); Arzoumanian et al. (2015); Reardon et al. (2016). DM variations are
an interesting means to study the instellar medium, but for the search for GW with PTAs they
are a limitation.
1.5.3 Correlated Red noise
In addition to uncorrelated red noise in all pulsars, there are also correlated red noise processes,
including GW induced noise, that need to go into the full noise model. To account for the
incompleteness of our knowledge on the physical processes causing correlated red noise, we
can add a generic and phenomenological correlated red noise of unknown origin for all pulsars,
akin to equation (1.11). There are three other types of correlated red noise of interest for PTAs
(Tiburzi et al., 2016): clock error, solar system ephemeris error and GWB induced correlated red
noises. Clock errors induce a monopole like correlation in the red noise, all TOAs from all pulsars
are effectively offset by the clock error. Errors in the solar system ephemeris cause a dipole like
correlation with the frequency of the affected planet. Lastly, the GWB has a quadrupole signature
in its correlation, the Hellings-Downs correlation. Figure 1.7 shows the effect of the correlated
red noise in the residuals. The middle panels show the errors induced by a clock error, all sky
positions are correlated with the same strength. Weaker sine-wave like correlations are produced
by ephemeris errors in the bottom panels. As the GWB Hellings-Downs correlation in the top
panels have similar strength and shape as ephemeris error, these two can easily be confused
with each other. All these correlated red noise processes need to be included in the analysis to
find GWs with PTAs (Taylor et al., 2017a). Which has recently been done by the NANOGrav
collaboration (Arzoumanian et al., 2018a) to produce the most recent and sophisticated upper
limit on the GWB.
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Figure 1.7: Red noise correlations. The left panels show one realization, while the right panels
show the average of 1000 realizations, various correlated red noise are shown from the top
(GWB), middle (clock CLK) and bottom (ephemeris EPH), reproduced from (Tiburzi et al.,
2016)
1.6 Gravitational Wave Background
Galaxies are believed to host super massive black holes in their centres (see Kormendy and
Ho, 2013, and references therein). Strong evidence in that claim can be found with spatially
resolved dynamics in galaxies (Kormendy and Richstone, 1995). One famous example is our
Milky Way, which has many individual stellar orbits traced around a common compact and dark
object (Genzel et al., 2010), allowing for an estimate of the central super massive black hole of
M ∼ 4.3×106M using Kepler’s laws. Other galaxies may not have spatially resolved orbits,
however, velocity dispersions can still be measured and used to estimate the mass of the central





























where G is the gravitational constant, V is the rotation velocity, σr,σθ ,σφ are the radial, polar
and azimuthmal components of the velocity dispersion and ν is the density of traced stars used
to estimate the black hole mass.
Massive galaxies have been observed to collide, merge and thus initiate the merger of the super
massive black holes that reside in their centres (Kauffmann et al., 1993). Dynamical friction is
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Figure 1.8: Diagram of the SMBHB evolution, reproduced from (Vasiliev et al., 2015)
Figure 1.9: Cartoon of the SMBHB merger tree, reproduced from (Volonteri et al., 2003)
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the main process driving the merger (Chandrasekhar, 1943). When a massive object moves past
a smaller one, the gravitational attraction betweem them causes the small object to be slightly
dragged along with the motion of the larger one. To conserve energy and momentum they
have to be transferred from the massive to the smaller object. The dynamical friction force Fdf
acting upon the massive object m from a field of background objects m∗ can be described by







dv∗4π f (v∗)v2∗, (1.15)
with G being the gravitational constant, v and v being the velocity vector and magnitude of the
massive object, lnΛ being the Coulomb logarithm, v∗ and f (v∗) being the velocity and velocity
distribution of the background objects. Equation (1.15) implies that only objects whose velocity
is lower than the massive object will cause dynamical friction.
For super massive black holes, this means that as they move through the stellar background of
the merging galaxies, they lose their energy and momentum to them, bringing the black holes to
a separation of kpcs to form a pair. From there the supermassive black hole pair further loses
energy and momentum via three body scattering to its surrounding stars (Quinlan, 1996). This
process is also called hardening in a stellar environment and further reduces the separation to pc
scales to create a SMBHB (Begelman et al., 1980). In order to reach sub-pc separation when
GW emission can take over the evolution until merger, some mechanism has to further drive
the binary to shrink or the binary may stall and not merge. This is often referred to as the "final
parsec problem" (Milosavljević and Merritt, 2003), see figure 1.8. Several mechanisms have
been proposed:
1. The majority of SMBHBs may still be efficiently driven to sub-pc separation due to
hardening in a stellar environment (Vasiliev et al., 2014, 2015; Sesana and Khan, 2015).
2. Some binaries may merge due to gaseous interactions, the SMBHB loses velocity as it
moves through the gas disk surrounding it (Ivanov et al., 1999; Cuadra et al., 2009; Tang
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et al., 2017).
3. There is also a chance that stalling binaries may be interrupted by a subsequent galaxy
merger, i.e. a triplet is temporarily formed. One of the three black holes is ejected with
high velocity whilst the remaining two form a binary with smaller separation (Hoffman
and Loeb, 2007; Bonetti et al., 2016, 2018).
4. Despite the above suggested mechanisms it is still possible that a significant amount
of SMBHBs stalls at the pc scale without producing mergers within a Hubble time of
about 13 Gyr. Even in the extreme scenario of all binaries stalling, there should still be a
non-negligible GWB (Dvorkin and Barausse, 2017).
A more detailed review of the SMBHB evolution can be found in Dotti et al. (2012). We apply
the first mechanism and model the shrinkage of SMBHBs according to Sesana and Khan (2015)
in our model to compute the characteristic strain hc, see chapter 2 for details.
Since there are many galaxies in the Universe merging in a hierachical fashion (White and
Rees, 1978), there is also a population of SMBHBs with many low mass black holes and fewer
high mass black holes (Volonteri et al., 2003), see figure 1.9. All the GWs emitted by such a
population form an incoherently superposed GWB. Individual SMBHBs may produce GWs that
can be detected if the binary is massive and close enough (Sesana et al., 2009; Mingarelli et al.,
2017). It is more likely that the GWB will be detected first (Rosado et al., 2015; Janssen et al.,
2015; Taylor et al., 2016b), which is what we will focus on.
The characteristic strain hc of the GWB describes the relative strength of the GWs. An amplitude
of 10−15 means that effectively 1m of spacetime is stretched and squashed by 10−15m. For the
GWB it is given by Phinney (2001)


















where G is Newton’s constant, c is the speed of light, f is the frequency of the emitted GWs, z
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is the redshift and M = (M1M2)3/5/(M1 +M2)1/5 is the chirp mass of a SMBHB with M1,M2
being the masses of the two black holes. The population function d
2n
dzdM describes the number of
SMBHBs per redshift and chirp mass bin and can be written as a phenomenological function or
derived from astrophysical observables. The amount of energy emitted in GWs by one individual








M 10/3(2π f )10/3gn(e) (1.17)
where gn(e) is an eccentricity dependent function from the calculations on the GW energy
emission by Peters and Mathews (1963). For e = 0 the only contributing term is n = 2 giving
gn(e) = 1.
The frequency evolution of the binary d f/dt depends on the mechanism driving it and determines
the shape of the spectrum of the characteristic strain hc. The evolution of the semimajor axis
of the binary for GW emission, stellar hardening and gaseous interactions driven binaries from



































1. GW: F(e) is another eccentricity dependent function from (Peters and Mathews, 1963).
For circular binaries it is 1.
2. stars: H ∼ 16 is a numerical constant from three body simulations, ρ is the stellar density
of the environment and σ is the stellar velocity dispersion.
3. gas: Ṁ is the binary mass accretion rate, µ is the binary reduced mass and a0 is the
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semimajor axis of the disk which contains the mass of the smaller black hole.
The final frequency dependence of hc are: 1. GWs from circular orbits f−2/3, 2. stellar hardening
f and 3. gaseous interactions f 1/2. As the SMBHB transitions from being driven by stellar and
gaseous environments to GW emission the spectrum also changes from a positive to a negative
powerlaw, causing a bend in the spectrum at low frequencies. This bend can also be achieved by
having eccentric binaries in the population, see chapter 2 of this thesis for the detailed derivation.
Integrating over redshift z and chirp mass M of a given population of SMBHBs d
2n
dzdM gives
a characteristic amplitude AGWB. Furthermore, assuming purely GW emission driven circular
binaries allows to simplify equation (1.16) to





The characteristic strain hc is connected to the induced correlated red noise between two pulsars
i and j via the power spectral density (which is the Fourier transform of the common residuals
Ri j(t) between pulsars i and j)




where Γi j is the overlap reduction function and describes the degree of correlation between the
noise in the pulsar pair i j, in case of an isotropic GWB it is the Hellings-Downs curve (1.8).
The amplitude AGWB gives insight on the properties of the population, whilst the spectral shape
gives information on the properties of the individual binaries. Using current and simulated PTAs
observations on the GWB, this thesis aims to see how much we can constrain current models
on the population of SMBHBs and galaxy mergers as well as the properties of the SMBHB




To do the astrophysical parameter estimation we follow this general procedure throughout the
thesis:
1. Describe an astrophysically motivated and parametric model of the GWB
2. Model the likelihood function of such a GWB: either an upper limit using the current PTA
observations or a simulated detection
3. Run a sampling algorithm to determine the constraints that can be put on the parameters
1.7.1 Parametric model
To compare the predicted characteristic strain for the GWB with the observations from PTAs, the
model need to be both accurate, i.e. taking as much of the necessary physics into account, and
flexible to account for incomplete or inaccurate knowledge of the physics of SMBHBs. Good
candidates are parametric models, which can consider astrophysical uncertainties in the values
of parameters and have physically motivated functional form at the same time. If the parametric
model can efficiently compute the strain for a given set of parameters, PTA observations can
be directly used to constrain the uncertainties on the astrophysical parameters. The parametric
model used in this thesis is introduced in Chapter 2 and modified in Chapter 5.
1.7.2 Bayes’ theorem
We use Bayes theorem




to find the posterior p(θ |d,M) for a model with specific parameters θ as the prior p(θ |M) times
the likelihood p(d|θ ,M) divided by the evidence p(d|M). p are probabilities, d is the observed
data coming from PTA observations or simulations, M is the selected model for the computation
of the GWB strain and θ are the parameters of said model.
The posterior describes the updated knowledge on the parameters of the model, which are the
constraints that we are looking for in this thesis.
Prior distributions represent our initial knowledge on the physics, they can either be uninformative
or astrophysically motivated, see Chapters 3, 4 and 5.
The likelihood function is the heart of Bayes theorem. It gives the probabilitity to produce
the observed data given a specific model with a certain set of parameters. To produce the
likelihood function we use PTA observations and simulations. This creates likelihood functions
with different analytic shapes for the upper limit and detection cases. For upper limits we use
Fermi functions, smoothed step functions, in conjuction with the quoted sensitivity curves of
the PTAs as well as the posterior distributions for the GWB strain itself. For detections we use
log Gaussians, assuming ideal detection at the injected strain value with a standard deviation
according to the strength of the detection. More details on the likelihood functions can be found
in Chapters 3 and 4.
The evidence acts as a renormalization for the overall probability of the model to produce the
data. Thus a ratio of evidences, i.e. the Bayes factor, can be used for model comparison.
1.7.3 Sampling algorithm
We use cpnest (Del Pozzo and Veitch, 2015), an implementation of the nested sampling algorithm
developed by Skilling (2004), to determine the posterior distribution. The algorithm samples
the parameter space from the least likely point, moves towards the highest likely point and ends
at the maximum likelihood contour. With θ a set of parameters, p(θ |M) the prior distribution,
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dX = p(θ |M)dθ the differential prior volume element, L = p(d|θ ,M) the likelihood, w the
weight and Z =
∫
LdX the evidence, the general process can be described as follows
1. Start with N live points each with a sets of parameters θN chosen from the prior distribution
p(θ |M), compute the corresponding likelihoods LN for all live points and initialise the
evidence Z = 0 and prior volume X0 = 1.
2. Record the live point θi with the current lowest likelihood Li from all live points with
weight wi = Xi−1−Xi, where Xi = exp(−i/N), increase the evidence Z by Liwi and replace
live point i with a new live point i+1 from the prior distribution, where Li+1 > Li.
3. Do step 2 j times, until adding a new step does not increase the likelihood by more than
a user defined small fraction f : LmaxX j < f Z j, which corresponds to having reached the
contour of maximum likelihood.
This process will give a chain of data points with the parameter set θi, corresponding likelihood
Li and weight wi with increasing likelihood and decreasing weight. The weights wi in a sense
renormalizes the speed at which the parameter space is sampled. The faster it can reach the
highest likely point, the steeper the weights drop. The posterior samples can be picked from
the data chain by accepting point i weighted by wi. In addition, nested sampling also returns a
number for the total evidence Z, which can be used for model comparison.
1.8 Thesis plan
This thesis is organised as follows:
Chapter 1 provides a general introduction to the motivation, techniques and methods of doing
GW science with PTAs. It has been taylored to answer what astrophysics can be learned from
PTAs observations on the GWB emitted by a population of SMBHBs for this thesis.
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Chapter 2 shows the general model for the computation of the characteristic strain of the GWB
from Chen et al. (2017b). It includes a phenomenological description for the SMBHB merger
rate, eccentric binaries in a stellar environment and a upper mass limit cutoff when integration
the SMBHB population. The advantage of the model is its computational efficiency, whilst being
able to accurately recover the correct characteristic strain spectrum.
Initial studies on constraining the model parameters for the GWB have been done in Chen
et al. (2017a) and are shown in chapter 3. The results use a current PTA upper limit, simulated
detections and mostly wide uniform uniformative priors to determine the constraints on the
model parameters with PTA observations alone.
Chapter 4 reproduces the detailed re-analysis of the most stringent published upper limit on
the GWB from the Parkes PTA collaboration from Middleton et al. (2018). The focus is to see
whether there is tension between different models predicting the number and masses of SMBHBs
in the Universe and a GWB upper limit at Ayr = 10−15.
Chapter 5 is based on the paper draft from Chen et al. (2018) that has been submitted already
and aims to introduce a novel way to directly compare and combine constraints on astrophysical
observables from traditional electromagnetic observations with PTAs observations on the GWB.
We replace the phenomenological SMBHB merger rate from chapter 2 with a merger rate coming
from observations of galaxy mergers and galaxy - black hole relations. Using current constraints
on the astrophysical observables as priors allows to see how much PTA observations can add to
the current constraints.
The summary, conclusions and outlook of this thesis are given in chapter 6.
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CHAPTER 2
PARAMETRIC MODEL OF THE
CHARACTERISTIC STRAIN OF THE GWB
This chapter reproduces verbatim "S. Chen, A. Sesana, W. Del Pozzo, Efficient computation
of the gravitational wave spectrum emitted by eccentric massive black hole binaries in stellar
environments, 2017, MNRAS 470, 1738" without the Abstract, Introduction and Discussions
sections.
2.1 Analytical modelling of the GW spectrum
The GWB generated by a population of eccentric binaries was first investigated by Enoki and
Nagashima (2007) and more recently by Huerta et al. (2015). In this section we follow the same
approach and review their main results. Following Phinney (2001), the characteristic strain hc( f )
of the GW spectrum produced by a population of cosmological MBHBs can be written as
















Here, d2n/dzdM defines the comoving differential number density (i.e. number of systems per
Mpc3) of merging MBHBs per unit redshift and unit chirp mass M = (M1M2)3/5/(M1+M2)1/5
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– where M1 > M2 are the masses of the binary components – and the observed GW frequency
at Earth f is related to the emitted frequency in the source frame fr via fr = (1+ z) f . The
evaluation of equation (2.1) involves a double integral in mass and redshift, generally to be
performed numerically, and the computation of the energy spectrum dE/d fr. For an eccentric
















where now fn = fr/n is the restframe orbital frequency of the binary for which the n-th harmonic
has an observed frequency equal to f and en is the eccentricity of the binary at that orbital
frequency. We used the concatenation rule of derivation to highlight the role of the eccentricity.































and Jn is the n-th Bessel function of the first kind. The other two differential terms describe the
evolution of the binary frequency and eccentricity with time, and for an eccentric MBHB driven




























By plugging (2.3), (2.5) and (2.6) into the expression (2.2), equation (2.1) one obtains (Huerta
et al., 2015)





















We note that Equation (2.9) is strictly valid only if the merger happens at a fixed redshift.
However, we will see later that the typical merger timescale, tc, of MBHBs can be Gyrs (cf
Equation (2.22) and figure 2.5), which is comparable to the cosmic expansion time tHubble.
Despite this fact, what actually matters is only the last phase of the MBHB inspiral, when the GW
power is emitted in PTA band. Let us consider an optimistic PTA able to probe frequencies down
to ≈ 1nHz (i.e. observing for 30 years). If binaries are circular, then they start to emit in the PTA
band only when their orbital frequency is forb = 0.5nHz. For typical MBHBs of M > 3×108M
(which are those dominating the GWB, see e.g. Sesana et al. (2008)), the coalescence time
at that point is t̃c < 0.15 Gyr. The bulk of the PTA signal comes from z < 1.5 (Ravi et al.,
2015; Simon and Burke-Spolaor, 2016), where the typical cosmic expansion time is already
tHubble(z) > 1 Gyr. This is almost an order of magnitude larger than t̃c, which we also stress
becomes much shorter with increasing MBHB masses. On the other hand, if binaries are very
eccentric, they start to emit significant GW power in the PTA band when their orbital frequency
is much lower than the minimum frequency probed by the array. Figure 2.4 shows that, if
e = 0.9, considering only the power emitted since forb = 0.1nHz provides a good approximation
to the overall spectrum from f ≈ 1nHz onwards. Although forb is much lower in this case,
eccentric binaries coalesce much faster (see again Equation (2.22)). For typical MBHBs of
M > 3× 108M with e = 0.9, the coalescence time at that point is t̃c < 10Myr. Therefore,
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t̃c tHubble becomes a better approximation with increasing eccentricity, and Equation (2.9)
generally provide a good approximation to the GWB.
In practice, equation (2.9) is evaluated numerically. For each integration element, the sum in the
expression has to be computed by solving numerically equations (2.5) and (2.6) to evaluate en
at each of the orbital frequencies fn contributing to the spectrum observed at frequency f , and
by then computing the appropriate gn(en) function. This procedure is extremely cumbersome
and time consuming. Yunes et al. (2009) proposed an analytical approximation for e( f ) that
helps in speeding up the computation. However, it is accurate only for e < 0.9, and even then
one is left with the computation of the n harmonics and the evaluation of the Bessel functions.
Note that the GW energy spectrum of a binary with eccentricity e peaks at the np ≈ (1− e)−3/2
harmonic, with still significant contributions at n∼ 10np (Berry and Gair, 2010). For a MBHB
with e = 0.9 this implies the computation of several hundreds of harmonics.
2.1.1 Fitting formula and scaling properties
Our first goal is to compute an efficient and accurate way to numerically calculate h2c( f ).
Although the double integral might be solvable analytically for a suitable form of d2n/dzdM , a
numerical evaluation is generally required. We therefore concentrate on the computation of the
single integral element. We thus consider a reference system with a unity number density per
Mpc3 characterized by selected chirp mass and redshift. This corresponds to setting
d2n
dzdM
= δ (M −M0)δ (z− z0)/Mpc3. (2.10)
Equation (2.9) then becomes



































Figure 2.1: characteristic amplitude spectrum for different eccentricities calculated with n =
12500 harmonics computed with no lower limit on fn.
To fully define the system we need to specify an initial MBHB eccentricity e0 at a reference orbital
frequency f0, so that the eccentricity en = en(n, f0,e0) can to be evaluated for the appropriate
n−th harmonic at the orbital frequency fn = f (1+ z0)/n via equations (2.5) and (2.6).
We study the behaviour of equation (2.11) by taking a fiducial binary with M0 = 4.16×108M,
z0 = 0.02, f0 = 0.1nHz and different eccentricities e0 = 0.3,0.6,0.9,0.99. Results are shown in
figure 2.1. Obviously, since the binary circularizes because of GW emission, at high frequency
all the spectra eventually sit on the same power law. Moreover, the spectra look self-similar, as
also noted by Huerta et al. (2015). This property allows the spectra to be shifted on the f−2/3
diagonal, given an analytic fitting expression for one reference spectrum. Self similarity has to














This means that the eccentricity evolution is just a function of the frequency ratio f/ f0 and there
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is no intrinsic scale in the problem. Any inspiral will thus pass through any given eccentricity
at some frequency during the process. A reference binary with e0 = 0.9 at f0 = 10−10Hz is
simply an earlier stage in the evolution of a binary with a smaller e at a higher f , see figure 2.2.
Therefore, the spectrum of a binary with a different initial eccentricity et specified at a different
initial frequency ft can be simply obtained by shifting the spectrum of the reference binary. What
one needs to know is by how much the spectrum has to be shifted along the f−2/3 diagonal. To
answer this question we identify a reference point of the spectrum. The obvious choice is the
peak frequency defined by Huerta et al. (2015). They showed that the deviation of the spectrum
of an eccentric binary, defined by fixing the eccentricity e at a given orbital frequency f , with














Let us consider two spectra as shown in figure 2.2. The first one is a reference spectrum hc,0( f )
defined by e0 = 0.9 at f0 = 10−10Hz, the second one is a generic spectrum hc( f ) characterized
by a generic value of et at a transition frequency ft typically different from f0. By feeding these
input into (2.13) we directly get the two peak frequencies fp,0 and fp,t respectively, marked
in the lower panel of the figure. We want to compute h( f ) from hc,0( f ). It is clear that the
peak frequency at fp,0 has to shift to fp,t , therefore hc( f ) has to correspond to hc,0( f ′) where
f ′ = f ( fp,0/ fp,t). However, this transformation just shifts the spectrum horizontally. To get to
hc,0( f ) we still need to multiply hc,0( f ′) by a factor ( fp,t/ fp,0)−2/3. The total shift has therefore
the form









In fact, it is easy to verify that by applying equation (2.14) to any of the spectra in figure 2.1 all
the other spectra are recovered.
All we need then is a suitable fit for a reference MBHB. For this, we take the reference case









































Figure 2.2: Analytical spectral shift. The upper panel shows the eccentricity evolution over
frequency for a fiducial spectrum characterized by the initial conditions (e0 = 0.9, f0 = 10−10Hz)
(blue) and a generic spectrum characterized by (et , ft) (green). The lower panel shows the
respective GW spectra (again, blue for fiducial and green for generic) and the steps involved in
the shifting. The two vertical dashed lines mark the ’peak frequencies’ defined in (Huerta et al.,
2015), the horizontal arrow shifts the fiducial spectrum by fp,t/ fp,0 (black dashed spectrum),
and the vertical arrow moves it up by a factor ( fp,t/ fp,0)−2/3, as described in the main text.
f0 = 10−10Hz and e0 = 0.9 and, based of the visual appearance on the spectrum, we fit a trial
analytic function of the form
hc,fit( f ) = a0 f̄ a1e−a2 f̄ +b0 f̄ b1e−b2 f̄ + c0 f̄−c1e−c2/ f̄ , (2.15)
where ai,bi,ci are constants to be determined by the fit and f̄ = f/(10−8Hz). We find that setting
a0 = 7.27×10−14 a1 = 0.254 a2 = 0.807
b0 = 1.853×10−12 b1 = 1.77 b2 = 3.7
c0 = 1.12×10−13 c1 = 0.676 c2 = 0.6
reproduces the spectrum within a maximum error of 1.5% in log-amplitude (i.e. 3.5% in

























Figure 2.3: Gravitational wave spectrum hc( f ) for the reference binary described in the text,
computed by summing n = 12500 harmonics (dashed line) compared to the best fit hc,fit( f )
with an analytic function of the form given by equation (2.15) (solid line) and by (Huerta et al.,
2015) (dotted line). The lower panel shows the difference log10 hc,fit− log10 hc as a function of
frequency.
presented in this paper versus (Huerta et al., 2015). The lower frequency shape (left to the peak)
is recovered more accurately by equation (2.15).
With this fitting formula in hand, equation (2.14) readily enables the analytical evaluation of
the spectrum for any desired pair of reference values ft , et = e( ft) (note that those can be
function of the MBHB parameters, e.g. its chirp mass, or of the environment in which the binary
evolve, as we will see in Section 2.2). Moreover, equation (2.11) shows that the spectrum of
a binary with different chirp mass and redshift can be simply obtained by multiplying hc,fit( f )
by (M /M0)5/3 and ((1+ z)/(1+ z0))−1/3, respectively. Therefore, the overall spectrum of the
MBHB population can be generated from hc,fit( f ) as























































Figure 2.4: characteristic amplitude spectrum for different eccentricities calculated with n =
12500 harmonics where only frequencies fn ≥ 10−10 contribute (dashed lines) compared to the
spectrum computed with no limitations on fn (solid lines). The lower panel shows the difference
log10 hc,fit− log10 hc as a function of frequency for the different cases, and it is always < 0.1 for
f > 1nHz.
2.1.2 Range of applicability
The assumption behind the above derivation is that the dynamics of the MBHB is purely driven
by GW emission, i.e., its evolution is defined by equations (2.5) and (2.6) formally back to
log10 f =−∞ and e = 1. This of course cannot be true in practice, the question is whether the
derivation provides a good approximation in the frequency range relevant to PTA detection.
MBHBs are driven by coupling with their environment up to a certain transition orbital frequency,
ft . At lower frequencies the evolution is faster than what is predicted by GW emission only and
the eccentricity does not indefinitely grow to approach e = 1. If the lowest frequency probed by
PTA is fmin (which is 1/T , where T is the observation time, as defined in the introduction), then
a necessary requirement for the applicability of equation (2.16) is ft < fmin. This is, however, not
a sufficient condition because for an eccentric MBHB population, the spectrum at fmin is defined
by the contribution of binaries emitting at fn < fmin satisfying the requirement fn = fmin(1+z)/n
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for some n. If ft = fmin, and therefore the binary evolves faster and is less eccentric at fn < fmin,
then the contribution of the n-th harmonics of systems emitting at fn is smaller, affecting the
overall spectrum at fmin and above. In other words, the spectrum observed at frequency f is
composed of higher harmonics of fn < f . These however, only emit GWs if the eccentricity is
high enough, which is the case if the binary is purely driven by GW emission, but may not be
the case if the binary is driven by its environment at fn < fmin. Thus, less energy is emitted at f ,
giving rise to a drop in the spectrum.
To investigate the impact of this fact on the spectrum we consider the same reference binaries
with transition frequency ft = f0 = 0.1nHz and et = e0 = 0.3,0.6,0.9,0.99, but now assuming
they form at ft , i.e., discarding the contribution of lower frequencies to the computation of the
spectrum. The result is compared to the full spectrum in figure 2.4. As expected, the absence of
binaries at f < ft partially suppresses the signal observed at f > ft . However three things should
be noticed: i) the suppression is relevant only up to f ∼ 10 ft , ii) the effect is small for highly
eccentric binaries – this is because for large e, the gravitational wave strain hc is dominated by
the first, rather than the second harmonic, see figure 4 in Taylor et al. (2016a)–, and iii) this is
the most pessimistic case, since for a realistic orbital evolution, binaries do emit also at f < ft ,
but their contribution to the spectrum at f > ft is smaller due to the faster evolution and lower
eccentricity. Therefore, our approximation should hold in the PTA band as long as the typical
transition frequency ft is few time smaller than fmin. In the next section we will show that for a
typical MBHB population driven by scattering of stars this is indeed generally the case.
2.2 Binaries in stellar environments
Following galaxy mergers, MBHBs sink to the centre because of dynamical friction (Chan-
drasekhar, 1943) eventually forming a bound pair when the mass in star and gas enclosed in their
orbit is of the order of the binary mass. For MBHBs with M = M1 +M2 > 108M relevant to
PTA, this occurs at an orbital separation of few parsecs, and the corresponding GW emission
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is well outside the PTA band. At this point, dynamical friction becomes highly inefficient, and
further hardening of the binary proceeds via exchange of energy and angular momentum with
the dense gaseous and stellar environment (see Dotti et al. (2012) and references therein).
The bulk of the PTA GW signal is produced by MBHBs hosted in massive galaxy (generally
spheroids) at redshift < 1. Sesana (2013b) and Ravi et al. (2015) further showed that the vast
majority of the signal comes from ’red’ systems, featuring old stellar populations and only a
modest amount of cold gas. This fact does not immediately imply that MBHBs cannot be driven
by interaction with cold gas in a form of a massive circumbinary disk. After all, because of the
observed MBH-host galaxy relations (see, e.g. Kormendy and Ho (2013)), even a mere 1% of
the galaxy baryonic mass in cold gas is still much larger than the MBHB mass, and therefore
sufficient to form a circumbinary disk with mass comparable to the binary, if concentrated in
the very centre of the galaxy. On the other hand, the relative fraction of observed bright quasars
declines dramatically at z < 1 (e.g. Hopkins et al. (2007)), implying that accretion of large
amounts of cold gas, and hence a scenario in which MBHBs evolve in massive circumbinary disks,
is probably not the norm. We therefore concentrate here on MBHBs evolving via interaction
with stars.
Sesana and Khan (2015) have shown that, following the merger of two stellar bulges, the
evolution of the bound MBHBs can be approximately described by the scattering experiment
formalism developed by Quinlan (1996). In Quinlan’s work, the binary semimajor axis evolution







where ρ is a fiducial stellar background density and σ the characteristic value of the Maxwellian
distribution describing the velocity of the stars. H is a dimensionless constant (empirically
determined by the scattering experiments) of order 15−20, largely independent on the MBHB
mass ratio q = M2/M1 and eccentricity e. Sesana and Khan (2015) found that equation (2.17) is
applicable to post merger stellar distributions providing that σ is the typical velocity dispersion
of the stellar bulge and ρ is the average stellar density at the MBHB influence radius, ρi =
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ρ(ri), defined approximately as the radius enclosing a stellar mass twice the total MBHB mass
M = M1 +M2. In the stellar dynamic jargon, this corresponds to a situation where the MBHB
’loss-cone’ is full at the binary influence radius. By using different methods, Vasiliev et al. (2015)
came to similar conclusions stressing, however, that in the long term the MBHB hardening rate
tends to drop compared to equation (2.17), a hint that the loss-cone might not be kept full in the




































M 5/3 f 11/3K F(e). (2.20)
Equation (2.19) is readily obtained from equation (2.17) by using Kepler’s law, and equation
(2.20) is the standard GW frequency evolution already seen in the previous section. It is easy
to show that at low frequency stellar hardening dominates and GW takes over at a transition


























where ρi,100 = ρi/(100Mpc−3), σ200 = σ/(200kms−1), M9 = M /(109 M) and we assume
H = 16 in the last line. We notice that in the mass ratio 0.1< q< 1, that by far dominates the PTA
GW signal (see, e.g. figure 1 in Sesana et al. (2012)), the function (1+q)0.12/q0.06 falls in the
range [1.08,1.15]. Therefore, in the last two lines of equation (2.21) we neglected the mass ratio
dependence by substituting (1+q)0.12/q0.06 = 1.12. A fair estimate of the MBHB coalescence
37
timescale is provided by the evolution timescale at the transition frequency, tc = ft(dt/d ft). By








































where, once again, we omitted mild q dependences in the last approximation by substituting
q0.16/(1+q)0.32 = 0.75 (0.67 < q0.16/(1+q)0.32 < 0.8 for 0.1 < q < 1).
For an operational definition of ft and tc, we need to define ρi and σ . The density profile of
massive spheroidals is well captured by the Dehnen’s density profile family (Dehnen, 1993)





where 0.5 < γ < 2 determines the inner slope of the stellar density distribution, M∗ is the total
mass of the bulge in star, a is its characteristic radius. The influence radius ri of the MBHB is


















where we used the fact that 2M << M∗. It is possible to reduce the number of effective
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parameters M,M∗,a,γ,σ by employing empirical relations connecting pairs of them, valid for
stellar spheroids. In particular we use the a−M∗ relation of Dabringhausen et al. (2008), and the
















This allows to express ρi as a function of M and γ only in the form










G (γ) =−0.68−0.138 γ
3− γ
. (2.32)
Equations (2.28) and (2.30) are expressed as a function of M. However, we notice from
equation (2.21) that ft ∝ M−0.3−0.041γ/(3−γ). Since M = Mq3/5/(1+q)6/5, if 0.1 < q < 1, then
2.32M < M < 3.57M . It is easy to show that for 0.5 < γ < 2, by substituting M = 2.9M ,
equation (2.21) returns ft within 10% of the correct value when 0.1 < q < 1.
Finally, equation (2.18) defines only the frequency evolution of the MBHB. For a complete
description of the system, tracking of the eccentricity evolution is also required. Both scattering
experiments and N-body simulations have shown that MBHB-star interactions tend to increase
e. The increase is generally mild for equal mass binaries and the eccentricity at the transition
frequency largely depends on the initial eccentricity at the moment of binary pairing. Because
of this mild evolution at fK < ft and in order to keep the problem simple, we approximate the
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5/3 f 8/3K G(e) if fK > ft
(2.33)
2.3 Results: Gravitational wave spectra calculation
2.3.1 Dynamics of MBHBs: transition frequency and coalescence time
Before going into the computation of the GW spectrum, we can have a look at how transition
frequency ft and coalescence timescale tc change as a function of M and et . In the following
we consider four selected models representative of a range of physical possibilities having a
major impact on the MBHB dynamics. Results are shown in figure 2.5. The top panel shows
a model with γ = 1 and ρi given by equation (2.30). We consider this as our default model,
because most of the PTA signal is expected to come from MBHBs hosted in massive elliptical
galaxies with relatively shallow density profiles. The GW signal is generally dominated by
MBHBs with M > 3×108M, which are therefore our main focus. At low et those systems
have ft < 0.3nHz and coalescence timescales in the range 1.5−4 Gyr. For et = 0.9, ft is ten
times lower, nonetheless tc is roughly an order of magnitude shorter, in virtue of the F(e) factor
appearing in equation (2.22). The effect of a steeper density profile is shown in the second row
of plots in figure 2.5, where we now assume γ = 1.5. The effect of a steeper inner power law,
is to make the stellar distribution more centrally concentrated, thus enhancing ρi. This makes
stellar hardening more efficient and shifts ft by a factor ≈ 1.3 upwards making tc a factor of ≈ 2
shorter (using a shallower profile γ = 0.5 would have an opposite effect of the same magnitude).
We recognize that ρi given by equation (2.30) relies on a number of scaling relations that are
constructed on a limited sample of local, non-merging, galaxies. We therefore also explore
the effect of a bias in some of those relations. For example, merging galaxies might be more
40






























































































































γ= 1. 0, ã= 0. 5a
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γ= 1. 0,M̃ ∗ = 3M ∗




























γ= 1. 0,M̃ ∗ = 3M ∗
Figure 2.5: Contour plots of transition frequency ft (left panels) and coalescence timescales tc
(right panels) in the transition eccentricity et vs chirp mass M plane. ft is computed according
to equation (2.21) with ρi provided by equation (2.30) calculated assuming the fiducial scaling
relations given by equations (2.27,2.28,2.29). Shown are models with γ = 1 (which is our fiducial
model, top row), γ = 1.5 (second row), γ = 1 but a decreased by a factor of two in equation
(2.27) (third row) γ = 1 and M∗ increased by a factor of three in equation (2.29) (bottom row).
The fiducial model is plotted in each of the other panels with dashed lines to highlight changes
in ft and tc against the other models (plotted as solid lines).
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γ= 1. 0, M̃ ∗ = 3M ∗
Figure 2.6: Spectra of a single MBHB with M = 109M, z = 0.02. In each panel the solid line
represents the spectrum fitted with equation (2.15), whereas the dashed line considers the full
evolution due to interaction with the stellar environment and eccentricity; the arrow indicates the
turnover frequency. The left four panels are for our fiducial galaxy model (γ = 1) and different
MBHB eccentricities as indicated in each panel; the right four panels are for et = 0.9, but assume
different prescriptions of the astrophysical relations used to calculate the turnover frequency
(i.e. assume different host galaxy models), as specified in each panel. The shaded stripe at
10−9Hz< f < 10−6Hz indicates the range of frequency relevant to PTA observations.
centrally concentrated and we explore this possibility by arbitrarily reducing the typical scale
radius a by a factor of two compared to equation (2.27). The effect is shown in the third row of
panels of figure 2.5 assuming γ = 1, and it is very similar (slightly larger) to the effect of the
steeper (γ = 1.5) density profile shown in the second row. Finally, it has been proposed that the
MBH-galaxy relations might be biased high because of selection effects in the targeted galaxy
samples. Shankar et al. (2016) propose that the typical MBH mass might be in fact a factor
≈ 3 lower than what is implied by equations (2.28) and (2.29). We therefore explore a model
featuring γ = 1 but with MBH mass decreased by a factor of three for given galaxy properties.
Results are shown in the bottom panels of figure 2.5. For a given MBHB mass, this model
implies just a minor change in ρi and σ , with negligible effects of ft and tc, compared to the
fiducial model.
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2.3.2 GW spectra of fiducial MBHBs
The GW spectrum generated by a MBHB evolving in a fiducial stellar background can now be
computed by evaluating dE/d fr in equation (2.2), where the frequency and eccentricity evolution
of the pair are now given by equations (2.18) and (2.33), instead of equations (2.5) and (2.6), and
the system is defined by the transition frequency ft as given in equation (2.21) at which et must
be specified. We consider a fiducial MBHB with M = 109M at z = 0.02 ,and compare the real
spectrum including stellar scattering to our approximated formula given by equation (2.15) and
appropriately re-scaled as described in section 2.1.1.
Results are shown in figure 2.6 for all the environment models of figure 2.5. In this and the
following plots, solid lines are spectra computed via equation (2.15), whereas dashed lines are
spectra that includes stellar scattering driving the binary evolution at low frequency. We start
by discussing the outcome of our fiducial model with γ = 1, as a function of et , which is shown
in the left plot. For circular binaries ft ≈ 0.2nHz, well below the minimum PTA frequency
fmin = 1nHz, appropriate for an PTA baseline of 30yrs, achievable within 2030. By increasing
et , ft is pushed at lower values, eventually becoming irrelevant. Obviously, the real spectrum
diverges from our analytic fit at f < ft . Moreover, for moderately eccentric binaries (et = 0.5
panel) the two spectra differ significantly up to almost f = 1 nHz. This is mostly because the
presence of the stellar environment ’freezes’ the eccentricity to 0.5 at f < ft ; the real spectrum
at f & ft is missing the contribution from the very eccentric phase at f < ft that occurs when
the environment is not taken into account and the binary is evolved back in time assuming GW
emission only. The problem becomes less severe for larger values of et . Even though the presence
of the environment freezes the binary eccentricity, et is large enough that most of the relevant
contribution from the higher harmonics emitted at low frequencies is kept. Most importantly, in
all cases, at all f > fmin = 1nHz, our analytical fit perfectly describes the emitted spectrum. The
right plot in figure 2.6 shows the spectrum assuming et = 0.9 for the four different environment
models outlined in the previous subsection. Again, we notice that in all cases the GW spectrum
is well described by our fitting formula in the relevant PTA frequency range, and the peak of the
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spectrum is only mildly affected (within a factor of two) by the different host models.
2.3.3 Stochastic background from a cosmic MBHB population
Having studied the signal generated by a fiducial system, we turn now to the computation of
the overall GW spectrum expected from a cosmological population of MBHBs. To do this, we
simply need to specify the distribution d2n/dzdM . We consider two population models:
• model-NUM: the d2n/dzdM population is numerically constructed on the basis of a semi-
analytic galaxy formation model implemented on the Millennium simulation (Springel
et al., 2005), as described in Sesana et al. (2009). In particular, we use a model imple-
menting the MBH−Mbulge relation of Marconi and Hunt (2003), with accretion occurring
before the final MBHB coalescence on both MBHs in the pair.

















H0(1+ z)(ΩM(1+ z)3 +Ωk(1+ z)2 +ΩΛ)1/2
. (2.35)
Based on loose cosmological constraints (see Middleton et al. (2016) for details), parame-
ters lie in the range ṅ0 ∈ [10−20,103] Mpc−3Gyr−1, α ∈ [−3,3], M∗ ∈ [106,1011] M, β ∈
[−2,7], z∗ ∈ [0.2,5]. H0 = 70kmMpc−1s−1 is the Hubble constant and ΩM = 0.3, Ωk =
0, ΩΛ = 0.7 are the cosmological energy density ratios. We specialize our calculation to a
fiducial mass function with log10 ṅ0 =−4, α = 0, M∗ = 108M, β = 2, z∗ = 2.
To construct the spectrum we still need to specify a reference eccentricity et at a reference binary
orbital frequency ft . Assuming MBHBs evolving in stellar bulges, We take ft from equation
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Figure 2.7: Same as the left half of figure 2.6, but the signal has now been integrated over the
model-NUM MBHB population described in the text.
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Figure 2.8: Same as the right half of figure 2.6, but the signal has now been integrated over the
model-NUM (four panels on the left) and model-AN (four panels on the right).
(2.21) assuming the four environment models presented in Section 2.3.1. As for et we make the
simplifying assumption that, regardless of redshift, mass and environment, all MBHBs share the
same eccentricity at the transition frequency. We take et = 0.01,0.5,0.9,0.99.
The simplification that all MBHBs share the same eccentricity at the transition frequency is very
drastic. It is more reasonable that there is a distribution of transition eccentricities. To include
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that distribution the computation of the GW spectrum changes from equation (2.16) to




























where the 2 dimensional population function d2n/dzdM is replaced by a 3 dimensional de-
scription d3n/dzdM de. For the model-NUM population each binary needs to be assigned
its individual transition eccentricity according to the distribution to produce the numerically
simulated eccentric binary population. For the model-AN population the eccentricity distribution
should also have an analytic expression allowing for the integration of the distribution. To focus
on the effects on the GW spectrum of eccentricity, itself, rather than the distribution, we still
choose to fix the eccentricty for all binaries in the population.
For each model hc( f ) is computed either via equations (2.1,2.2,2.3,2.18,2.33), i.e., by solving
the binary evolution numerically –including the stellar driven phase– and summing-up all the
harmonics, or via equation (2.16), i.e., by employing our fitting spectrum for GW driven binaries
defined by ft ,et .
Results are presented in figures 2.7 and 2.8. Figure 2.7 shows the impact of et on the spectrum.
We notice that in the true spectrum (the dashed lines), changing the population from almost
circular to highly eccentric shifts the peak of the spectrum by more then one order of magnitude.
As already described, our model does not represent well the low frequency turnover for small
et , however in all cases, the GW signal is well described by equation (2.16) in the relevant
PTA frequency band ( f > 1nHz), and the factor of ≈ 10 peak shift in the eccentricity range
0.5 < et < 0.99 is fairly well captured. As anticipated, typical turnover frequencies due to
three body scattering are at sub-nHz scales, and flattening (and eventually turnover) in the GW
spectrum is observable only if MBHBs have relatively high eccentricities at transition frequency.
Figure 2.8 shows the impact of changing the physical parameters describing the efficiency of
stellar driven MBHB hardening. Those parameters are fixed to a fiducial value in our model, but
can in principle have an impact on the spectrum of the signal. When directly compared to 2.7,
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the left panel, showing model-NUM, clarifies that none of those parameters affect the signal to a
level comparable to et . The reason is that essentially all of them cause a change in ρi, and the
ft dependence on ρi is extremely mild ( ft ∝ ρ
3/10
i ). For example, shrinking the characteristic
galaxy radius a by a factor of two, is equivalent to increasing ρi by a factor of eight, which still
results in a < 2 shift of ft . In the right set of panels we see that the same applies to model-AN.
However, there is a striking difference of almost an order of magnitude in the location of the
peak. This is because model-NUM and model-AN have a very different underlying MBHB mass
function. This means that the GWB is dominated by MBHBs with different typical masses,
which decouple at different ft . So even if the underlying MBHB dynamics and eccentricity at
transition et is the same, the resulting peak frequency can be significantly shifted. It is therefore
clear that the location of the GWB spectrum turnover is sensitive to both et and to the parameters
defining the MBHB cosmological mass function, and much less sensitive to the details of the
stellar hardening process. This also means, however, that in absence of additional features in
the spectrum, the determination of et is highly degenerate with the shape of the MBHB mass
function.
2.3.4 Removal of individual sources
Interestingly, as mentioned in the introduction, another feature appearing in the GW spectrum at
high frequencies has been pointed out by Sesana et al. (2008), and depends on the shape of the
cosmic MBHB mass function. Let us consider circular binaries. In an actual observation, the
GW signal generated by a cosmic population of MBHBs at a given observed frequency bin, is
given by the sum of all MBHBs emitting at that frequency. This is related to the cosmic density
















































and dtr/dz is given by equation (2.35). The number of sources emitting in a given observed











d f dzd log10 M
. (2.42)
Each chirp mass and redshift bin contribute to hc in a measure that is proportional to M 5/6/(1+
z)1/6 (see, e.g., equation (2.11)). Therefore, it is possible to rank systems in order of decreasing
contribution to the GWB. Because of the very small dependence on redshift – 1< (1+z)1/6 < 1.3
for 0 < z < 5 considered in our models – we simplify the problem by integrating over z and rank
systems based on mass only. It is easy to show that d2N/d f d log10 M is a strong decreasing
function of mass, and is in general 1 for the most massive systems when f > 10nHz. This
means that the contribution to the GWB coming from those massive sources at that frequency,
is in fact given by ’less than one source’. Since the actual GW signal is given by a discrete
population of sources, having less than a source in a given frequency bin means that in a typical
realization of the Universe that source might or might not be there with a given probability. For
the practical purpose of the GWB computation, the contribution from those systems at those
frequencies is actually not there, at least not in the form of a stochastic GWB (we defer the
reader to Sesana et al. (2008) for a rigorous mathematical treatment of this issue).
One can therefore assume that in each bin ∆ f the most massive sources integrating to 1 in number
do not contribute to the GWB. The value M̄ corresponding to this condition is implicitly given
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Figure 2.9: Comparison of the spectrum of a population of binaries with different
parameters for the model-AN. Parameters in the plot are specified in the sequence
{log10(ṅ0),β ,z∗,α, log10(M∗),et}. The solid lines represent the spectrum with the drop in






























M 5/3d f ,
(2.43)
where in the last equation we substituted the analytical merger rate density given by equation
(2.34). Given an observation time T , the frequency spectrum is divided in bins ∆ f = 1/T . hc( f )
is therefore calculated at the centroid of each frequency bin by substituting the upper limit M̄
defined by equation (2.43) in equation (2.1). Note that in equation (2.43) mass and frequency
integrals are analytic, and only the redshift integral has to be evaluated numerically.
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Examples of the GW spectrum obtained including the M̄ cut-off are shown in figure 2.9 for two
different mass functions assuming model-AN. Note that the spectrum is significantly reduced
only at f > 10nHz. This justifies a posteriori our assumption of circular GW driven binaries; at
such high frequencies even MBHBs that were very eccentric at ft had become almost circular
because of GW backreaction. The figure illustrates that a detection of both spectral features (low
frequency turnover and high frequency steepening) might help breaking degeneracies between et
and MBHB mass function. The two displayed models have very different et (0.2 vs 0.9), but also
quite different mass functions, so that the GWB turnover occurs around the same frequency. If
the signal can be detected up to f ≈ 10−7Hz, however, differences in the high frequency slope
might help pinning down the MBHB mass function and disentangle it from et . In a companion




CONSTRAINING THE POPULATION OF
SUPERMASSIVE BLACK HOLE BINARIES
This chapter reproduces verbatim "S. Chen, H. Middleton, A. Sesana, W. Del Pozzo, A. Vecchio,
Probing the assembly history and dynamical evolution of massive black hole binaries with pulsar
timing arrays, 2017, MNRAS, 468, 404", without the Abstract, Introduction and Conclusions
sections, but including the Erratum.
3.1 Astrophysical model
We use the model developed in Chen et al. (2017b) for a population of eccentric MBHBs evolving
via three-body scattering against the stellar environment. In Chen et al. (2017b), we expressed
the properties of the environment (stellar density, velocity dispersion etc.) as a function of the
MBHB total mass only; therefore, the MBHB mass defines the relevant stellar background
properties, which we take to be consistent with that typical of elliptical galaxies (where the most
massive binaries, dominating the GWB, reside). In a nutshell, the stellar density is modelled with
a Dehnen profile (Dehnen, 1993) with total mass set by the intrinsic relation between the MBH
and the galaxy bulge masses – usually referred to as MBH−Mbulge– provided in Kormendy and
Ho (2013), scale radius a defined by the empirical Mbulge−a relation found by Dabringhausen
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et al. (2008)1, and inner profile slope γ = 1, appropriate for massive ellipticals. In this model,
binaries decouple from the stellar environment at orbital frequencies much lower than the relevant
PTA window (which is f > 1nHz) and the PTA signal can be constructed taking into account the
post-decoupling GW-driven evolution of the eccentric binary only (see Chen et al. (2017b) for a
full description of the model). The overall GWB spectrum can therefore be written as:




















where hc,fit is an analytic fit to the spectrum produced by a reference binary at redshift z0 with
chirp mass M0 and a given eccentricity e0 at an arbitrary decoupling frequency f0. These two
latter parameters define the peak frequency of the emitted GW spectrum fp,0 for this reference
binary. Equation (3.1) states that the overall GW spectrum from a given MBHB population can
be generated from this reference hc,fit via appropriate power-law scaling of the the chirp mass,
redshift, decoupling frequency and eccentricity. Individual contributions must then be integrated
over the MBHB mass function d2n/dzdM ; the number of binary mergers per co-moving volume,
redshift and (rest-frame) chirp mass interval. The integration limits of equation (3.1) are set to
















where tr is the time in the source rest-frame and dtr/dz is given by the standard time-redshift
cosmological relation (in this work we assume H0 = 70kms−1Mpc−1, ΩM = 0.3, ΩΛ = 0.7 and
Ωk = 0). The differential merger rate density of equation (3.2) is described by five parameters.
ṅ0 is the merger rate density normalization. β and z∗ describe the redshift evolution of the rate.
In particular, β controls the low-redshift power-law slope and z∗ the high-redshift cut-off for
the distribution; the peak of the merger rate corresponds to a redshift (z∗β −1). α and M∗ are
the free parameters of the Schechter function describing the mass distribution. In addition to
1We note that this relation connects the scale radius a to the total mass of the system. However, the massive
elliptical galaxies that host the dominant PTA GW sources, are bulge dominated so that Mbulge can be taken as a fair
proxy of the total stellar mass.
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those, the computation of the GWB in equation (3.1) requires the specification of the MBHB
eccentricity et when they decouple from their environment and the evolution is dominated by GW
emission1, giving a total of six model parameters. Decoupling takes place when the condition
that stellar scattering and GW emission extract energy from the MBHB at the same rate. This











where the mass density of the stellar environment is ρi,100 = ρi/(100Mpc−3), the velocity
dispersion of the stars is the bulge is σ200 = σ/(200kms−1) and the MBHB total mass is
M9 = M /(109 M). Expressions for ρi,100 and σ200 can be found in Chen et al. (2017b)
(equations 28 and 30). Note that ρi is a function of the inner slope of the adopted density profile.
Here we adopt a Dehnen model with γ = 1, which results in shallow nuclear stellar density
profiles that are typical of massive elliptical galaxies.
The characteristic amplitude described by equation (3.1) is a power-law with a low frequency
turnover due to eccentricity and environmental effects. At high frequency, however, because of
small number statistics, the actual signal is characterized by sparse resolvable systems outshining
the overall GWB. Sesana et al. (2008) showed that the correct estimate of the unresolved GWB
















where d3N/(d f dzdM ) is the number of individual sources per unit chirp mass, redshift and
frequency, which can be directly computed from d2n/dzdM (see Sesana et al. (2008) for details),
and the integral is performed over the frequency bin ∆ f = 1/T . The net effect is that the spectrum
has a mass function dependent high frequency steepening, that can provide further information
1In this pilot study, we make the simplistic assumption that all MBHBs have the same eccentricity at decoupling.
In general, MBHBs are expected to have a range of eccentricities when they decouple from their environment.
Nonetheless, one can still try to model the population with a single parameter et , representing the typical MBHB
eccentricity.
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about the underlying MBHB population. Note that this is set solely by the MBHB mass function
and does not introduce further parameters to the model. Examples of spectra highlighting both
the low frequency turnover and the high frequency steepening are shown in Fig. 3.1.
The model was chosen to capture the expected qualitative features of the cosmic MBH merger
rate without restricting to any particular merger history; for example, it can reproduce rates
extracted from merger tree models (Volonteri et al., 2003; Sesana et al., 2008), and large scale
cosmological simulations of structure formation (Springel et al., 2005; Sesana et al., 2009).
3.2 Background detection theory
The S/N ρ imprinted by stochastic GWB in a PTA can be written as (Moore et al., 2015b; Rosado
et al., 2015)
ρ










d f . (3.5)
We now proceed to define and discuss all the elements appearing in equation (3.5). Ti j is the
time span over which observations for pulsars i and j overlap. We will make from here on the
simplifying assumptions that all pulsars are observed for the same timespan T (typically 10 years
or more) and therefore Ti j = T, ∀(i, j). However, we should bear in mind that this is generally
not the case for real PTAs. The double sum runs over all the possible pairs of pulsars in the array

















where γi j = [1− cos(θi j)]/2, and θi j is the relative angle between pulsars i and j. Sh,Sn are
the spectral densities of the signal and the noise respectively. The former is connected to the
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where f is the considered frequency. The latter has to be handled with care, especially in the
limit of a strong GWB signal. For a pulsar i characterized by random Gaussian irregularities
described by a root mean square (rms) value σ2i , the power spectral density (PSD) of the noise is
given by
Pi = 2σ2i ∆t, (3.8)
where ∆t is the interval between subsequent observations (typically a week to a month, in current
PTAs). If red processes were not present in the data, one might then expect a PSD of the noise
equal to Pi in the whole sensitivity window down to 1/T . However, fitting for the spin first and
second derivatives when constructing the pulsar timing model subtracts a quadratic function to
the timing residual, effectively absorbing power at the lowest frequency bins, should a red signal
be present.
To mimic the effect of the timing model we empirically write




where δ is a constant that depends on the parameters of the observations. We find that a good fit
to the low frequency behaviour of the published EPTA, NANOGrav and PPTA sensitivity curves











The scaling in equation (3.9) ensures that the curve maintains the same shape when varying the
array parameters, reproducing the power absorption at the two lowest frequency bins (see Fig.
3.1). Moreover the PSD of the noise Sn is not only given by limitations in the pulsar stability,
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quadratic spindown fitting, and other sources of noise. The very same signal Sh contributes an
equal amount to the noise as to the signal itself, because half of the GWB (the pulsar term) is
uncorrelated. However, the smoking-gun of a GWB is provided by its distinctive quadrupole
correlation described by the Γi j coefficients. Therefore only the correlated part of the signal (i.e.
the Earth term) contributes to the construction of the detection statistic and to the build-up of the
S/N. The pulsar term will just produce an uncorrelated common red noise in all pulsars with PSD
Sh. Therefore the power spectral density of the noise has to be written as (Rosado et al., 2015):





Note that equation (3.11) reduces to S2n,i j = PiPj in the weak signal limit. Note, moreover, that
this implies that it does not matter how strong the signal is, the integrand of equation (3.5)
is at most of the order Γ2i j  1. This means that only with a large number N of pulsars is it
possible to produce a confident detection of a GWB with an high ρ . This is easy to see if we
make the simplifying assumptions that T , ∆t and σi are the same for all pulsars. Moreover, we
shall assume a sufficiently high number of randomly distributed pulsars in the sky, therefore
substituting the individual Γi j with their average value Γ = 1/(4
√
3). Equation (3.5) can then be
written as
ρ







d f , (3.12)
which reduces to
ρ
2 = T Γ2N(N−1)
∫ S2h
S2n
d f . (3.13)
In an actual observation, the GWB is resolved in bins ∆ f = 1/T . We can therefore divide the
frequency domain in intervals ∆ fi = [i/T,(i+1)/T ] centred at fi = (2i+1)/(2T ) and compute
the S/N in each individual frequency bin as
ρ
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Where we used the fact that Γ 1 and N 1. Equation (3.17) was obtained through a number
of drastic simplifications, nonetheless it gives a sense of the maximum S/N one can obtain
assuming a strong signal in an ideal array. Since Γ ≈ 0.14, a total S/N≈ 5 in the lowest few
frequency bins can only be achieved with approximately N = 20 equally good pulsars.
3.3 Simulating observations
Once ρi has been computed at each frequency bin, we can then use the general fact that, if h
















To simulate observations, we therefore compute the S/N ρi at each frequency bin. If ρi > 1, we
use the strong S/N regime approximation, ie. Sh P and equation (3.16), and have a detection
in this frequency bin. We then assume an observed signal with amplitude Ai = hc( fi) and error
described by a log-normal distribution with width given by equation (3.18). Note that, by doing
this we are ignoring any stochastic fluctuation in the measured amplitude of the signal. In reality,
the error on the observation will be generally centred at Ai 6= hc( fi), with a scatter of the order of
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the error on the measurement. We make this choice because our main aim is to investigate to
what level the MBHB population model can be constrained in principle, independent of statistical
variations inherent to the observations. If ρi < 1, we are in the weak S/N regime, then we assume
no signal is detected in the frequency bin, and only an upper limit can be placed. To define what
the upper limit is, we notice that, by means of equation (3.7), equation (3.14) can be written as a













Therefore, when ρi < 1 we place a 68% (1σ ) upper limit at hn,i, calculated at the central frequency
fi of the bin.
Examples of signal generation are shown in Fig. 3.1 for spectra with A = 10−15 at f = 1yr−1 and
an array with N = 20, σ = 100ns, T = 15yr, ∆t = 1 week. This setup results in a detection with
moderate S/N, ρ ≈ 5, and with ρi ≈ 2 in the few lowest frequency bins. The equivalent hn of
equation (3.20) is depicted as a black solid line. Note, however that for clarity of representation,
we ignored here the contribution of Sh to the noise (when that is taken into account, hn = hc
whenever ρi > 1). Note also that, despite the large hc difference of the two signals, the difference
in S/N between them is only about 20%. This is because, as stressed above, in the strong signal
limit the S/N of the signal is limited by the GWB uncorrelated self-noise.
3.3.1 Simulation setup
To setup a specific simulation, one has to define both the properties of the GWB (i.e. the six
parameters ṅ0,β ,z∗,α,M∗,et defining the MBHB population) and of the PTA employed for













Figure 3.1: Examples of simulated detections for two different spectral shapes. Signal models
correspond to the default MBHB population with parameters defined in Section 3.3.1 and high
eccentricity (et = 0.9, red) and almost circular (et = 0.01), blue). For each model, solid lines
are the theoretical spectra including the high frequency steepening due to the mass upper limit
defined by equation (3.4), dashed lines depict spectra excluding this feature (therefore with
hc ∝ f−2/3 at high frequency) for comparison. Error bars centred around the model value are the
observed amplitudes with associated uncertainties when ρi > 1, and downward arrows represent
upper limits equal to 2hn (i.e. 2σ ) when ρi < 1 at their base. The black dotted line is the
characteristic noise level hn excluding the contribution of the GW signal to the noise budget.
Black lines in the upper part of the figure are current EPTA, NANOGrav and PPTA limits. We
assume 15 years of observation of 20 pulsars at 100ns rms.
Unless otherwise stated, we use a MBHB mass function defined by ṅ0 = 10−4Mpc−3Gyr−1,β =
2,z∗ = 2,α = 0,M∗ = 108M. The normalization ṅ0 and the redshift dependence β are chosen
to be consistent with current estimates of the galaxy merger rate (Lin et al., 2004; de Ravel
et al., 2009; Lotz et al., 2011). α and M∗ are chosen to ensure that the shape of the MBHB
mass function is consistent with that of nuclear MBHs as inferred from direct measurements
and MBH-galaxy scaling relations (e.g. Shankar et al. (2004); Hopkins et al. (2007)). The
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adopted parameters result in a GWB with characteristic strain at f = 1yr−1 of A≈ 5×10−16,
fully consistent with current upper limits. We explore different eccentricities at decoupling and
we report results for the illustrative cases of quasi circular and highly eccentric binaries, defined
by et = 0.01 and et = 0.9 respectively.
We make the simplifying assumption that all pulsars are observed for the same timespan T ,
with the same cadence ∆t and have the same rms σ . Note that our main results are nevertheless
general, since these assumptions only affect the computation of the S/N and do not enter in the
subsequent analysis of the GWB spectral shape. We consider four different array scenarios:
1. case PPTA15: in this case we simply use the curve provided by Shannon et al. (2015),
which is representative of current PTA capabilities and results in an upper limit of A =
10−15.
2. case IPTA30: N = 20, σ = 100ns, T = 30yr, ∆t = 1 week. This PTA results in a detection
S/N≈ 5 and is based on a future extrapolation of the current IPTA, without the addition of
new telescopes.
3. case SKA20: N = 100, σ = 50ns, T = 20yr, ∆t = 1 week. This PTA results in a high
significance detection with S/N≈ 30−40, which will be technically possible in the SKA
era.
4. case ideal: N = 500, σ < 1ns, T = 30yr, ∆t = 1 week. This is likely beyond SKA
capabilities but provides useful insights of what might be achievable in principle.
As stated above, for each simulations we compute the the S/N ρi at each frequency bin. If
ρi > 1, we then assume an observed signal with amplitude Ai = hc( fi) and error described by a
log-normal distribution with width given by equation (3.18). If ρi < 1 then we place an upper
limit at hn as defined by equation (3.20).
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3.4 Data analysis method
As in Middleton et al. (2016), our aim is to constrain the astrophysical population of merging
MBHB given some PTA data. The data consists of an array of measurements and upper limits on
the GW spectrum at different frequency bins, as described in the previous section. In Middleton
et al. (2016), we assumed circular binaries and an f−2/3 power law for the spectrum, meaning
that all the information from the background could be summarised with two numbers, an upper
limit or detection with some confidence at a given frequency, which we chose to be one over
one year. In this paper, we allow for eccentric binaries evolving via scattering of background
stars and a finite number of sources at high frequencies, both of which result in a spectrum that
is different from the f−2/3 power law. Therefore, the shape of the spectrum over the frequency
band encodes much more information. In this section, we describe our strategy to infer the
astrophysical properties of the merging MBHB population from PTA measurements.
We denote our astrophysical model (section 3.1) as M and our data (section 3.3.1) as d. Our
intention is to infer the model parameters θ , given a specific measurement. We start from Bayes
theorem,
p(θ |d,M) = p(θ |M)p(d|θ ,M)
p(d|M)
, (3.21)
where p(θ |d,M) is the posterior distribution for the model parameters given the data and the
model, p(θ |M) is the prior, representing any initial knowledge we have on the parameters given
the specific model, p(d|θ ,M) is the likelihood for the data given the model and some values of
the parameters and finally p(d|M) is the evidence.
As described in section 3.1, our model has six parameters θ = ṅ0,β ,z∗,α,M∗,et . Unless
otherwise stated, for our analysis we choose priors as follows: the parameters β , z∗, α ,
log10 M∗ and et are all uniformly distributed in the ranges β ∈ [−2,7], z∗ ∈ [0.2,5], α ∈ [−3,3],
log10 M∗/M ∈ [6,11], and et ∈ [10−6,0.999]. The prior for the merger rate parameter, ṅ0 is
log-uniform for ṅ0 ∈ [10−20,103] and uniform in ṅ0 for ṅ0 < 0, thus allowing for the possibility
of no mergers. We note that although specific combinations of parameters can mimic MBHB
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Figure 3.2: Example Fermi-distribution upper limit likelihood function, renormalised such that
the 68% PTA upper limit is at Aul = 1×10−15. Each value of Atrial is accepted with a probability
p, such that 68% (hatched area) of the samples are below the upper limit Aul.
merger rates extracted from semi-analytic merger tree models (Sesana et al., 2008), cosmological
simulations of galaxy formation (Sesana et al., 2009; Kelley et al., 2017a) and observations of
galaxy pairs (Sesana, 2013b), the adopted prior range is highly uninformative and allows for
exotic MBHBs mass functions that are not necessarily related to galaxy mergers. For example,
the upper limit in ṅ0 is solely dictated by the constraint that all the dark matter in the Universe is
formed by merging MBHs.
The functional form of the likelihood function we adopt depends upon the type of data in each
frequency bin. For a given spectrum, there are two possible observational outcomes in a specific
frequency bin f ; either a GWB detection at Adet( f ), or a non-detection, resulting in an upper limit
based on the PTA sensitivity at that frequency Aul( f ). In the case of an upper limit Aul( f ) on the
GWB, we model the likelihood as a smooth step-like distribution which allows Atrial( f ) Aul( f )
and tails off to 0 for Atrial( f ) Aul( f ). For that we use a Fermi-like distribution,











where Atrial( f ) is the GWB given by our model for a set of parameters drawn from the prior and
σul( f ) controls the width and steepness of the distribution as it transits at the step Aul( f ) from
some constant value for Atrial( f ) Aul( f ) to 0 at Atrial( f ) Aul( f ). σul( f ) can be adjusted so
that, for example p(Atrial( f )< Aul( f )) = 68%. In our simulations, Aul( f ) = hn as described in
section 3.3. We are therefore using the sensitivity of the PTA as a proxy for the 68% (or 1-sigma)
upper limit when the signal is not detected. Figure 3.2 shows an example of the likelihood
function renormalized such that the 68% PTA upper limit is at Aul( f ) = 1×10−15.
In the case of a GWB detection of a central amplitude Adet( f ) with a Gaussian distribution width
of σdet( f ), we apply a Gaussian in the logarithm for the likelihood,
pdet (d|Atrial( f )) ∝ exp
{





where σdet( f ) is the error on the detection measurement as described in section 3.3 and Atrial( f )
is again the value of the GWB given by parameters sampled by the prior. As the dataset d consists
of a collection of GWB measurements across the frequency spectrum, we need to combine the
likelihood of all the frequency bins in our data. We assume statistical independence among
the various frequency bins and thus compute the overall likelihood by multiplication of the
likelihoods (either an upper limit or a detection) from each bin. Note that, when we combine bins
with detections to bins with upper limits, we consider the lowest frequency upper limit and five
further points spaced by ten bins. This is because bins become much denser at high frequency
and considering all the upper limits slows done the likelihood computation substantially. We
checked that this does not affect our results, since the only constraining upper limit is always the
one at the lowest frequency.
We explore the parameter space by means of a Nested Sampling algorithm (Skilling, 2004). We
use a tailored version of the parallel implementation of Nested Sampling given in Del Pozzo and
Veitch (2015) which is similar in spirit to Veitch and Vecchio (2010) and Veitch et al. (2015). For
all the analysis presented in this work we set the number of live points to be N ∼ 2,000 owing an
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average number of posterior samples ∼ 5,000.
3.5 Results and discussion
In this section we present and discuss in detail the results of our simulations. We will start
with the interpretation of upper limits and then move to the case of detections with small and
large S/N. We stress that, unless otherwise stated, astrophysical interpretation is constructed
uniquely on the basis of PTA observations, i.e. we do not use any additional constraints on the
MBHB population (besides the wide, non-informative prior range of the model parameters). PTA
inference can prove significantly more constraining if combined with independent information.
For example one can assume a narrow prior on the MBHB merger rate and mass function based
on simulations or observations of merging galaxies (e.g. Sesana (2013b)). However, we caution
that such information is often indirect and requires theoretical modelling subject to several
assumptions.
3.5.1 Upper limits
We first consider the case of an upper limit and we take as example the most stringent constraint
imposed by the PPTA of A< 10−15 at f = 1yr−1. Although PTAs often quote limits at f = 1yr−1,
those are the result of the integrated array sensitivity across the relevant frequency band. This
is shown in the upper-left panel of Fig. 3.3; according to the analysis framework developed
in section 3.1, we assume at each frequency bin a 95% upper-limit given by the dashed curve
and run our analysis. Consistent with Middleton et al. (2016), the results shown in Fig. 3.3
indicate that current PTA upper limits alone return little astrophysical information, and only
loose upper bounds can be placed on the MBHB mass function (upper-right panel) and redshift
(lower-left panel) distribution. Those are defined by integrating equation (3.2) in the redshift
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Figure 3.3: Implication of a 95% upper-limit of A( f = 1yr−1) = 1×10−15, which corresponds
to the most stringent PTA upper limit to date. The posterior for the spectrum (top left), mass (top
right) and redshift functions (bottom left) are shown as shaded areas, with the 68%, 95% and
99.7% confidence regions indicated by progressively lighter shades of grey, and the solid black
line marking the median of the posterior. The dotted line with downwards pointing arrows in the
top left panel is the 95% upper limit from Shannon et al. (2015). The bottom right triangular
plot shows the two-dimensional posteriors for each model parameter pairs, together with their
one dimensional marginalised distributions. The lines in each one dimensional distribution mark
the median (dashed) and the central 90% (dotted) of the posterior, with the numerical values
indicated above each plot.
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range [0,5] and in the mass range [106M,1011M], respectively. The triangle plot in the
lower-left panel shows that the posterior distributions of the model parameters are essentially
flat (β and z∗ are not shown, as they are always flat due to strong degeneracy with ṅ0), with
the exception of ṅ0, which is found to be < 2.5× 10−3Mpc−3Gyr−1 at the 95% level. This
constraint becomes interesting when compared to independent information on galaxy merger
rates. Several observational studies place the merger rate density of massive galaxies at z < 1 to
be around few×10−4Mpc−3Gyr−1 (Lin et al., 2004; Lotz et al., 2011; Xu et al., 2012). In fact,
this is in essence the reason why some tension between PTA upper limits and vanilla MBHB
assembly models was highlighted by Shannon et al. (2015). We will return in more depth on this
point in a companion paper (Middleton et al. in preparation). A tighter upper limit, constraining
ṅ0 to be less than 10−5Mpc−3Gyr−1 might rule out a naive one-to-one correspondence between
galaxy and MBHB mergers, indicating that delays, stalling or high MBHB eccentricities play a
major role in the dynamics.
3.5.2 PTA detection constraints on model parameters
We turn now to the implication of a future PTA detection. We discuss two distinct MBHB
populations corresponding to our default mass function model (with parameters given in section
3.3.1) and defined by decoupling eccentricity et = 0.01 (circular case) and et = 0.9 (eccentric
case).
Circular case
Results for the circular case are shown in Fig. 3.4 to which we refer in the following discussion.
In the IPTA30 scenario (left column), the signal is detected in the lowest eight frequency bins,
with total S/N≈ 6. At f < 10 nHz the spectrum is well constrained (upper panel), and the
reconstructed MBHB mass function and redshift distribution (central panels) are consistent with
66
IPTA30, et = 0.01 SKA20, et = 0.01







































































































































1.5 0.0 1.5 3.0
α
7 8 9 10 11
log10M ∗






























1.5 0.0 1.5 3.0
α
7 8 9 10 11
log10M ∗





Figure 3.4: Implication of a PTA detection at a moderate (S/N≈5, left column) and high (S/N≈35,
right column) significance, assuming a MBHB population with default mass function parameters
and almost circular (et = 0.01) eccentricity at decoupling. As in Fig. 3.3, the posterior for the
spectrum, mass and redshift functions (in descending order from the top) are shown as shaded
areas, with the 68%, 95% and 99.7% confidence regions indicated by progressively lighter shades
of grey, and the solid black line marking the median of the posterior. In each of those panels,
the dashed black line indicates the injected model. In the top panels the vertical blue bands
indicate the 68% confidence interval of the observed signal amplitude at each frequency bin,
and the downward pointing arrows at higher frequency mark the 95% upper limits. The dotted
line is the nominal 1σ sensitivity of the considered PTA, as defined by equation 3.20, where the
contribution of Sh to the noise has been omitted (see section 3.3 for details). The dot-dash black
line shows the simulated spectrum assuming no drop in high mass sources. The lower triangular
plots show the two-dimensional posteriors for each model parameter pairs, together with their
marginalised distributions. The injected parameter values are marked by red solid lines and the
black lines in each one dimensional distribution mark the median (dashed) and the central 90%
(dotted) of the posterior, along with the numerical values above each plot.
the injected values. Note, however, that astrophysical constraints are quite poor; even around
M = 3×108M, where the mass function is best constrained, the 68% confidence interval spans
about two order of magnitude, and so does the high mass cut-off. The triangle plot in the lower
panel provides more insight into the reconstruction of the model parameters. In general, the
posteriors of all the parameters are consistent with the injected values, however the distributions
are fairly broad and the contour plots unveil several correlations among model parameters, the
most important of which will be investigated later on.
The situation quantitatively improves, but is qualitatively unaltered, in the SKA20 scenario,
shown in the right column. Here the signal is detected in 13 frequency bins, with a total S/N≈ 35.
The hc spectrum is extremely well reconstructed up to 20nHz and the median of the recovered
mass and redshift functions match the injected ones almost exactly (central panel); uncertainties
are still large though, and the posterior distributions of the model parameters improve only
marginally. The characteristic mass scale M∗ is slightly better constrained and, compared to the
IPTA30 case, there is a stronger preference for circular binaries, although higher eccentricity
cannot be ruled out.
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Figure 3.5: Same as figure 3.4 but assuming decoupling eccentricity of et = 0.9.
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Eccentric case: parameter degeneracies
The eccentric case is shown in Fig. 3.5. Again, in the IPTA30 scenario (left column panels)
the signal is detected in the nine lowest frequency bins, with total S/N≈ 5. The recovered
GW spectrum is consistent with the injected one, but errors are large and the shape can be
hardly determined. The triangle plot in the lower-left panel shows that it is difficult to recover
model parameters. Posteriors are consistent with injected values, but the distributions are hardly
informative.
Moving to the SKA20 case (right column panels), we see a clear improvement on the recon-
struction of the spectrum (upper panel), but the preferred mass function appears quite offset
with respect to the original injection (second panel from the top). Posterior distributions in the
triangle plot (lower panel) are now more informative and reveal more defined degeneracies.
Particularly interesting is the
∫
-shaped posterior in the et −M∗ panel (already visible in the
IPTA30 case). The degeneracy stems from the mass dependence of the decoupling frequency
in equation (3.3), i.e. from the fact that more massive MBHBs decouple at lower frequencies
than lighter ones. In fact, for a given eccentric MBHB, the peak of the GW spectrum occurs
at a frequency fp = F (et) fd (see equation 13 in Chen et al. (2017b)), where F (et) is a mono-
tonically increasing function of et . This means that, if we observe a turnover in the GWB at a
given f̄ , there is an ambiguity in the determination of the decoupling eccentricity of the MBHB
population. The signal can be dominated by lighter MBHB decoupling at higher fd with lower et ,
or by heavier MBHB decoupling at lower fd with higher et , giving rise to the
∫
-shaped contour
in the et− log10 M∗ plane. Lighter black holes require a higher ṅ0 to produce the observed signal
level, however this is still well within the assumed prior. In practice, the detection of a turnover
in the GWB, guarantees that MBHBs have some eccentricity at decoupling (which in our models
always occur below the observable PTA frequency window), however cannot inform us on the
value of their eccentricity, unless independent information on the MBHB mass function becomes
available. This causes the peculiar shape of the et posterior seen in the lower-right panel of Fig.
3.5, in which the posterior is quite flat down to et ≈ 0.1 and has a sharp decline disfavouring
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circular binaries.
3.5.3 Breaking degeneracies: the importance of detection at high frequen-
cies
We saw in the previous section that parameter degeneracies prevent a precise characterization of
the properties of the underlying MBHB population. This is because the GWB spectrum does not
present sufficient structure to allow proper parameter estimation. In principle, the high frequency
steepening of the GWB offers a tantalizing possibility of an independent measurement of the
mass function parameters. In practice, unfortunately, the steepening generally occurs at f > 30
nHz where PTA sensitivity drops significantly. A measurement might be possible for MBHB
population featuring a heavy-biased MBHB mass function, for which the steepening occurs
already around f ≈ 10 nHz. However, even in this case, errorbars on the detected amplitude
at the highest frequency bins would be quite large, making a proper measurement of the drop
problematic.
Although this is likely out of reach for current and planned PTA efforts, as a proof of principle
we show here what information can be recovered with a measurement of the GWB spectrum up
to f = 5×10−7 Hz, possible with our ideal array. Performing a parameter space exploration
would be impractical, because for 30 years of observation, the signal would be observed in
about 500 frequency bins, making the evaluation of the likelihood function prohibitively time
consuming. We therefore interpolate the observations (with relative errorbars) in 20 equally
log-spaced bins in the range 10−9−5×10−7 Hz. Note that the total S/N of such detection is not
much higher than the SKA20, however we will see that the high frequency extension makes a
critical difference in the recovery of the MBHB population parameters (even if we are not using
all the information enclosed in the original 500 frequency bins). This is shown in Fig. 3.6 for
our standard MBHB population with et = 0.01 (left column) and et = 0.9 (right column). The
upper panels show that, contrary to all previous cases, the high frequency steepening is now well
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Figure 3.6: Implication of an ideal detection with 500 MSPs timed at sub-ns precision for 30
years. The injected model has default parameters with et = 0.01 (left column) and et = 0.9 (right
column). Panel sequence and style as in Fig. 3.4.
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Figure 3.7: Effects of imposing external constraints on the MBHB mass and redshift distribution
on the science return of PTA observations. The injected model has default mass function
parameters and et = 0.9. In the left column we consider a moderate S/N detection with the
IPTA30 array, whereas the right panel is for an ideal detection as reported in Fig. 3.6. Panel
sequence and style are as in Fig. 3.4. The additional dotted areas represent the restricted prior
based on the astrophysical models of Sesana (2013b). The thick green histograms in the bottom
panels show the marginalised prior distribution on the model parameters once the astrophysical
constraint is imposed (see main text for full details).
characterized; this is the key element, because its shape depends on the MBHB mass function.
Posterior distributions of the population parameters are shown in the lower triangle plots. The
parameters defining the MBHB mass function are now well constrained and peak around the
injected values; the cut-off mass scale M∗ is determined within a factor of three and the slope α
within ≈0.2. The recovery of the eccentricity is also much cleaner. Posteriors are still broad, but
in the circular case one can confidently say that the typical eccentricity of the MBHBs is < 0.16
(95% confidence) although the posterior peaks at et ≈ 0.1. This is because a non detection of
a low frequency turnover is still consistent with mildly eccentric binaries at decoupling, even
if the mass function parameters are fairly well determined. Similarly, for the eccentric case,
one can state with 95% confidence that the typical eccentricity of the MBHBs is > 0.7 and the
posterior is quite flat in the range 0.75 < et < 0.95. One last thing to notice is that, even though
the GWB spectrum is pinned down essentially exactly, there remains a remarkable uncertainty
in the determination of the overall merger rate density ṅ0. This is because of its intrinsic (not
shown) degeneracy with the β and z∗ parameters defining the redshift distribution of mergers. A
low ṅ0 normalization with a steep, positive redshift dependence β can result in the same GWB as
a much higher ṅ0 normalization with a flatter redshift dependence. Unless external information
(see below) about the redshift evolution of the merger rate density is available, this degeneracy is
unlikely to be disentangled on the basis of GWB measurements alone.
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3.5.4 Adding independent constraints
So far, we considered what astrophysical information can be extracted by PTA observation only,
deliberately ignoring any constraints on the MBHB population imposed by other observations.
The motivation behind this agnostic choice is that those constraints are inevitably indirect, and
involve either the rate of merging galaxies (e.g. Lin et al. (2004); Lotz et al. (2011); Xu et al.
(2012)) or the determination of the mass function of single MBHs (see for example Shankar et al.
(2004)). The conversion of a galaxy merger rate into a MBHB merger rate implies a number
of uncertain assumptions about the relation between galaxy hosts and MBHs (Kormendy and
Ho (2013) and references therein) and the effectiveness of the MBHB coalescence following
galaxy mergers (e.g. McWilliams et al. (2014); Kelley et al. (2017a)); on the other hand, the
mass function of individual MBHs in galaxy centers does not provide direct information on the
properties of merging MBHBs.
It is nevertheless instructive and interesting to fold those indirect constraints into the analysis to
understand to what extent PTA observation can improve the current state of the art of MBHB
knowledge. Sesana (2013b) constructed a compilation of observationally-based MBHB merger
distributions encompassing a wide uncertainty range in the galaxy merger rate and galaxy host-
MBH relations. The outcome of the procedure is a loosely constrained MBHB mass function
and redshift distribution resulting in a predicted GWB spanning almost two order of magnitudes
in amplitude (at 99.7% confidence). In general, in the best constrained areas (chirp masses in the
range 107M-108.5M and z < 1.5), the uncertainty range spans about two orders of magnitudes.
To incorporate this information in our analysis, we draw a large sample of populations from our
unrestricted parameter range, and we accept only those for which the mass and redshift functions
fall within the range constrained by the Sesana (2013b) models to update our prior. The restricted
MBHB mass and redshift functions resulting from this procedure are shown as dotted areas in
the central panels of Fig. 3.7. The restricted marginalized priors on the model parameters are
shown in the triangular plots in the bottom panels and their median values and 90% confidence
intervals are listed in table 3.1. Furthermore, since the merger rates do not constrain the MBHB
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parameter prior IPTA30 ideal
































Table 3.1: List of model parameters credible intervals for our constrained models. Each entry
reports the median value together with the errors bracketing the 90% confidence regions. The
three columns list the values defined by our restricted prior, and the posterior values as measured
by the arrays IPTA30 and ideal.
eccentricity distribution at decoupling, we assume a flat prior on et . The resulting prior GWB
spectrum is shown in the upper panels of Fig. 3.7. As expected the range of hc is consistent with
what is shown in figure 2 of Sesana (2013b). The difference in shape is due to the inclusion
of the high frequency drop, and to the fact that we allow for very eccentric MBHB population,
that cause a widening of the allowed hc range at the low frequency. We assume that the true
underlying MBHB population is described by our default models (shown with dashed lines), that
falls well within the restricted prior range, and that MBHBs have et = 0.9 at decoupling.
The results of the analysis for two different PTAs are shown in Fig. 3.7 and measured parameter
values are also listed in table 3.1. PTA observations in the foreseeable future (IPTA30 case, left
column) will place significant constraints to the higher end of the mass function, reducing the
uncertainty range by more than one order of magnitude at M > 108M. The redshift function is
poorly constrained, because the mass integral of the merger rate is dominated by the abundance
of MBHBs with M < 108M, which remains poorly determined. This is also confirmed by the
marginalised posterior distributions in the model parameters shown in the bottom panel. The
posteriors on the overall merger rate ṅ0 and on the redshift parameters β and z∗ are essentially
unaltered when compared to the prior, conversely, the prior knowledge of M∗ is significantly
updated with a 90% confidence interval shrinking by an order of magnitude. Note that, since M∗
is decently constrained, the detection of the low frequency turnover is now quite informative,
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and eccentric binaries are favoured, with a posterior probability distribution correctly peaking
around et = 0.9. In the ideal case, shown in the right column, the mass function is constrained
almost exactly, and also our knowledge of the redshift evolution of the merger rate is significantly
updated. The posterior distributions of the model parameters show that α,M∗ and et are pinned
down with high accuracy. Moreover, also the degeneracy between the rate normalization and the
redshift evolution is partially broken. The 90% credible interval on ṅ0 shrinks by a factor of three
compared to the prior, and the slope of redshift dependence β can be fairly well constrained, with
a posterior peaking close to the injected value. This latter measurement is particularly interesting,
because it would allow a direct comparison to the galaxy merger rate that is often observationally
parametrised as being proportional to (1+ z)β .
77
CHAPTER 4
ANALYZING THE CURRENT PTA UPPER LIMITS
WITH OUR FRAMEWORK MODEL
This chapter reproduces verbatim "H. Middleton, S. Chen, W. Del Pozzo, A. Sesana, A. Vecchio,
No tension between assembly models of supermassive black hole binaries and pulsar observations,
2018, NatComms, 9, 573", without the Abstract. Supplementary material can be found in
appendix A.
4.1 Introduction
Dedicated timing campaigns of ultra-stable radio pulsars lasting over a decade and carried out
with the best radio telescopes around the globe have targeted the isotropic gravitational-wave
(GW) background in the frequency region ∼ 10−9−10−7Hz generated by the cosmic population
of merging super massive black hole binaries (SMBHBs). In the hierarchical clustering scenario
of galaxy formation, galaxies form through a sequence of mergers (White and Rees, 1978).
In this process, the SMBHs hosted at their centers will inevitably form a large number of
binaries (Begelman et al., 1980), forming an abundant population of GW sources in the Universe.
Detecting and/or placing constraints on their emitted signal will thus provide an insight into
the formation and evolution of SMBHs in connection with their galaxy hosts and will help to
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better understand the role played by SMBHs in galaxy evolution and the dynamical processes
operating during galaxy mergers (for a review see Sesana (2013a)).
No detection at nHz frequencies has been reported so far. The most stringent constraint on
an isotropic background radiation has been obtained through an 11 year-long timing of 4
radio-pulsars by the Parkes Pulsar Timing Array (PPTA). It yields an upper limit on the GW
characteristic amplitude of h1yr = 1.0× 10−15 (at 95% confidence) at a frequency of 1yr−1
(Shannon et al., 2015). Consistent results, although a factor ≈ 2 less stringent, have also been
reported by the European PTA (EPTA (Lentati et al., 2015)), the North American Nanohertz
Observatory for Gravitational Waves (NANOGrav (Arzoumanian et al., 2016)), and the Interna-
tional PTA (IPTA (Verbiest et al., 2016)), an international consortium of the three regional PTA
collaborations. Those values are in the range of signal amplitudes predicted by state-of-the-art
SMBHB population models, and can therefore be used to constrain such a population. It has
been noted, however, that these limits start to be sensitive to uncertainties in the determination of
the solar system ephemeris used in the analysis. Recent unpublished work has in fact found that
different ephemeris choices can result in a partial degradation of the upper limit (Hobbs and Dai,
2017). This is still an active area of research which may lead to a small upward revision of the
upper limit, a circumstance which, if anything, will strengthen the conclusion of our analysis.
Here we consider the most stringent upper limit from the PPTA in order to glean what can be
learnt at this stage and also determine whether current SMBHB population models are indeed
cast into doubt.
Using the PPTA limit, we place bounds on the properties of the sub-parsec population of cosmic
SMBHBs (in the mass range ∼ 107−1010 M) and explore what constraints, if any, can be put
on the salient physical processes that lead to the formation and evolution of these objects. We
consider a comprehensive suite of astrophysical models that combine observational constraints
on the SMBHB population with state-of-the-art dynamical modelling of binary evolution. The
SMBHB merger rate is anchored to observational estimates of the host galaxy merger rate by a
set of SMBH-host relations (see Sesana (2013b); Sesana et al. (2016) and section 4.4). Rates
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obtained in this way are well captured by a five parameter analytical function of mass and redshift,
once model parameters are restricted to the appropriate prior range (see section 4.4). Individual
binaries are assumed to hold a constant eccentricity so long as they evolve via three-body
scattering and gradually circularize once GW emission takes over. Their dynamical evolution
and emission properties are regulated by the density of the stellar environment (assumed to be
a Hernquist profile (Hernquist, 1990) with total mass determined by the SMBH mass-galaxy
bulge mass relation) and by the eccentricity during the three-body scattering phase, which we
take as a free parameter. For each set of model parameters, the characteristic GW strain hc( f ) at
the observed frequency f is computed as described in Chen et al. (2017b), and summarized in
section 4.4. Our model encapsulates the significant uncertainties in the GW background due to
the poorly constrained SMBHB merger rate and has the flexibility to produce a low frequency
turnover due to either three-body scattering or high eccentricities. SMBHBs are assumed to
merge with no significant delay after galaxies merge. As such, the models do not include the
effect of stalling or delayed mergers (Simon and Burke-Spolaor, 2016).
We find that although PTAs have well and truly achieved a sensitivity for which detection is
possible based on model predictions, the present lack of a detection provides no reason to
question these models. We highlight the impact of the SMBH-galaxy relation by considering
a selection of models which cover the entire range of the predicted background amplitude. To
be definitive, we consider: (i.) an optimistic model (here labelled KH13, based on Kormendy
and Ho (2013)), which provides a prediction of the GW background with median amplitude at
f = 1yr−1 of h1yr = 1.5×10−15; (ii.) a conservative model (labelled G09, based on Gültekin
et al. (2009)), with median h1yr = 7×10−16; (iii.) an ultra-conservative model (labelled S16,
based on Shankar et al. (2016)), with h1yr = 4×10−16; and finally (iv.) a model that spans the
whole range of predictions within our assumptions (which we label ‘ALL’). Note that the latter
contains as subsets KH13, G09 and S16, but it is not limited to them. Moreover, model ‘ALL’
spans an h1yr amplitude range that comfortably include GW backgrounds estimated by other
authors employing different techniques (e.g. McWilliams et al. (2014); Ravi et al. (2015); Kulier
et al. (2015); Kelley et al. (2017a)). Details on the models are provided in section 4.4. We find
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all models to be consistent with the current PTA upper limits.
4.2 Results
For each model, we use a Bayesian hierarchical analysis to compute the model evidence (which
is the probability of the model given the data and allows for the direct comparison of models)
and posterior density functions on the model parameters given the observational results reported
by Shannon et al. (2015). We find that the upper limit is now beginning to probe the most
optimistic predictions, but all models are so far consistent with the data. Figure 4.1, our main
result, compares the predictions under different model assumptions with the observed upper
limit. The dotted area shows the prior range of the GW amplitude under the model assumptions,
and the orange solid line shows the 95% confidence PPTA upper-limit on hc. The (central) 68%
and 90% posterior probability intervals on hc are shown by the shaded blue bands. The posterior
density functions (PDFs) on the right hand side of each plot gives the prior (black-dashed line)
and posterior (blue line) for hc at a reference frequency of f ∼ 1/5yr−1.
The difference between the dotted region and the shaded bands in the main panels in Figure 4.1
indicates the constraining power of the Parkes PTA limit on astrophysical models – the greater
the difference between the two regions, the smaller is the consistency of that particular model
with the data. We see that although some upper portion of the allowable prior region is removed
from the 90% posterior probability interval (less so for S16), none of the models can be ruled
out at any significant level. The confidence bands across the frequency range are constructed by
taking the relevant credibility region of the posterior distribution of hc at each frequency, and
therefore the boundaries of each band do not follow any particular functional form as a function
of frequency. In addition, although eccentricity is allowed by the data, the power-law spectrum
of circular binaries driven by radiation reaction alone can clearly be consistently placed within
these bands (see also Supplementary Fig. A1 for further details on the individual parameter


















































Figure 4.1: Posterior density functions on the gravitational wave characteristic amplitude. The
four panels compare the prior and posterior density functions on the GW stochastic background
characteristic amplitude in light of the PPTA upper-limit for each of the astrophysical models
considered here. The central 90% region of the prior is indicated by the black-dotted band, and
the posterior is shown by the progressively lighter blue shading indicating the central 68% and
90% regions, along with the median (solid-blue line). Also shown are the PPTA bin-by-bin
limit (orange-solid line) and the corresponding integrated limit assuming hc( f ) ∝ f−2/3 (orange
star and vertical-dotted line). The difference in the prior and posterior indicates how much has
been learnt from the PPTA data. The right-hand side one-dimensional distribution shows the
prior (black-dashed) and posterior (blue-solid) at a reference frequency of f ∼ 1/5yr−1, with the
central 90% regions marked (black and blue-dashed lines respectively).
shown in Table 4.1. The normalization is chosen so that a putative model unaffected by the
limit yields Z = 1, and therefore the values can be interpreted as Bayes factors against such a
model. None of the posterior probabilities of the models with respect to this putative one show
any tension. As an example, for models ALL and S16 we find e−1.23 = 0.3 and e−0.6 = 0.55
respectively. Similar conclusions can be drawn from the Kullback-Leibler (K-L) divergences
between the prior and posterior on the characteristic amplitude for a given model (with which we
measure the difference between the prior and posterior). For models ALL and S16, these yield
0.62 and 0.37 respectively. As a comparison, these values correspond to the K-L divergence





















































Figure 4.2: Bayes factors and Kullback-Leibler divergences for different models. We compare
the Bayes factors between model pairs (left hand, blue bars) and the Kullback-Leibler (K-L)
divergences between the prior and posterior of the characteristic amplitude (right hand, orange
bars). The small range of Bayes factors indicates that there is little to choose from between these
models, although KH13 is weakly disfavoured against the others. The K-L divergences also
support this conclusion. Although all values are small, KH13 has the largest K-L divergence
(greatest difference between prior and posterior) of the four models.
ALL) and 0.8 (for S16) standard deviation apart 1.
Figure 4.2 summarizes the natural logarithm of the ratio of the model evidences, i.e. the Bayes
factors, between all possible combinations of models and also the K-L divergences whose
numerical values are listed in Table 4.1. Both metrics clearly indicate that there is little to choose
from between the models. The least favoured model in the range of those considered here is
KH13, with Bayes factors in favour of the others ranging from ≈ 1.13 to ≈ 1.76. These are










h1yr = 1×10−15(PPTA) h1yr = 3×10−16 h1yr = 1×10−16
K-L divergence logZ K-L divergence logZ K-L divergence logZ
KH13 0.85 −2.36 2.25 −5.68 5.18 −13.17
G09 0.39 −1.2 1.11 −3.35 2.86 −8.26
S16 0.37 −0.6 0.69 −1.62 1.42 −3.82
ALL 0.62 −1.23 1.33 −2.68 2.50 −5.74
Table 4.1: Kullback-Leibler divergences and evidences for different models. The values in the
table show the K-L divergence and natural logarithm of the evidence, logZ , for each of the four
astrophysical models given the PPTA upper limit at h1yr = 1× 10−15, and for more stringent
putative limits at the levels of 3×10−16 and 1×10−16.
however values of order unity, and no decisive inference can be made from the data (Kass and
Raftery, 1995). Comparisons between each of the individual model parameters (see section
4.4) posterior and prior distribution functions are described in Supplementary Fig. A1 and
Supplementary Table A1 which further support our conclusions. For KH13, the model that
produces the strongest GW background, we find a probability of e−2.36 = 0.094 with respect to
a putative model that is unaffected by the limit. KH13 is therefore disfavoured at ∼ 1.6σ . This
conclusion is reflected in the value of the K-L divergence of 0.851. We note that Shannon et al.
(2015) choose in their analysis only a sub-sample of the Sesana (2013b) models, with properties
similar to KH13. Our results for KH13 are therefore consistent with the 91%-to-97% ‘exclusion’
claimed by Shannon et al. (2015).
4.3 Discussion
It is argued in Shannon et al. (2015) that the Parkes PTA upper-limit excludes at high confidence
standard models of SMBH assembly – i.e. those considered in this work – and therefore these
models need to be substantially revised to accommodate either accelerated mergers via strong
interaction with the environment or inefficient SMBHB formation following galaxy mergers.
The work presented here does not support either claim. In particular, the posterior parameter
1This is the same K-L between two Gaussian distributions with the same variance and means approximately 1.3
standard deviation apart
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distributions (see Supplementary Fig. A1) favour neither high eccentricities nor particularly
high stellar densities, indicating that a low frequency spectral turnover induced by SMBHB
dynamics is not required to reconcile the PTA upper limit with existing models. Similar to
Taylor et al. (2016b), this finding does not support an observing strategy revision in favour of
higher cadence observations aimed at improving the high frequency sensitivity, as proposed
by Shannon et al. (2015). Likewise, neither stalling nor delays between galaxy and SMBHB
mergers, which, by construction, are not included in the models considered here, are needed to
explain the lack of a detection of GWs at the present sensitivity level. Compared to previous
analyses, our work implies a stronger rejection of the statement that there is tension between PTA
data and theoretical SMBHB population models. For example Simon and Burke-Spolaor (2016)
invoked time delays to reconcile the PPTA upper limit with selected SMBH-galaxy relations,
however they assume a narrow range of possible SMBHB merger histories and do not consider
SMBHB dynamics. The analysis of Arzoumanian et al. (2016) tends to favour a spectral turnover
due to either high eccentricity or strong environmental coupling, however they use a simplified
analysis where each relevant physical parameter is accounted for separately. When allowing all
the parameters to vary simultaneously, we find that none of them has a critical impact on the
inference, and current SMBHB population models are broadly consistent with the PTA upper
limits, without the need to invoke a low frequency spectral turnover.
On the other hand, PTA limits are now starting to provide interesting information about the
population of merging SMBHs. The fact that KH13 is disfavoured at 1.4σ with respect to S16
indicates that the population may have fewer high mass binaries, mildly favouring SMBH-host
galaxy relations with lower normalizations. This indicates that the gravitational wave background
level is likely below the 10−15 level, making detection difficult with current telescopes. In this
respect, our analysis highlights the importance of upcoming facilities such as MeerKAT (Booth
et al., 2009), FAST (Nan et al., 2011) and the Square Kilometer Array (SKA Dewdney et al.
(2009)). Their superior timing capabilities, together with their survey potential in finding new
stable millisecond pulsars, will provide the necessary ground to improve sensitivity down to
h1yr ∼ 10−16, which is in line with the lower limit of the expected stochastic gravitational wave
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background according to our current understanding of SMBH evolution (Bonetti et al., 2018).
Although not yet decisive, our findings highlight the potential of PTAs in informing the current
debate on the SMBH-host galaxy relation. Recent discoveries of over-massive black holes in
brightest cluster ellipticals (McConnell et al., 2011; Hlavacek-Larrondo et al., 2012) led to
an upward revision of those relations (McConnell and Ma, 2013; Kormendy and Ho, 2013).
However, several authors attribute the high normalization of the recent SMBH-host galaxy
relations to selection biases (Shankar et al., 2016) or to the intrinsic difficulty of resolving the
SMBH fingerprint in measurements based on stellar dynamics (see discussion in Rasskazov
and Merritt (2017)). Future facilities such as the Extremely Large Telescope (Gilmozzi and
Spyromilio, 2007) and the Thirty Meter Telescope (Sanders, 2013) will likely measure many
more SMBH masses in elliptical galaxies (Do et al., 2014), providing a better understanding of
the SMBH-host galaxy relations. PTA limits may therefore be used to gain more information
about the other underlying uncertainties in the model, in particular the massive galaxy merger
rate, which is currently poorly constrained observationally (see, e.g. Lotz et al. (2011); Mundy
et al. (2017)).
An important question is: what is the sensitivity level required to really put under stress our
current understanding of SMBHB assembly? If a null result persists in PTA experiments, this
will in turn lead to a legitimate re-thinking of the PTA observing strategy to target possibly
more promising frequencies of the GW spectrum. To address this question, we simulate future
sensitivity improvements by shifting the Parkes PTA sensitivity curve down to provide 95% upper
limits of h1yr at 3× 10−16 and 1× 10−16. The results are summarized in Table 4.1 and more
details are provided in Supplementary Fig. A2, Supplementary Table A2 and Supplementary
Note A1). At 3×10−16, possibly within the sensitivity reach of PTAs in the next ≈ 5 years, S16
will be significantly favoured against KH13, with a Bayes factor of e4.06, and only marginally
favoured over G09, with Bayes factor of e1.76. It will still be impossible to reject this model
at any reasonable significant level with respect to, say, a model which predicts negligible GW
background radiation at ∼ 10−9−10−8 Hz. However SMBH-host galaxy relations with high
normalizations will show a ≈ 2σ tension with more conservative models. At 1×10−16, within
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reach in the next decade with the advent of MeerKAT, FAST and SKA, models KH13, G09
and ALL are disfavoured at 3.9σ , 2.5σ and 1.2σ , respectively, in comparison to S16. K-L
divergences in the range 5.18− 1.42 show that the data are truly informative. S16 is also
disfavoured at 2.3σ with respect to a model unaffected by the data, possibly indicating the need
of additional physical processes to be included in the models.
4.4 Methods
4.4.1 Analytical description of the GW background
The GW background from a cosmic population of SMBHBs is determined by the binary merger
rate and by the dynamical properties of the systems during their inspiral. The comoving number
density of SMBHBs per unit log chirp mass (M = (M1M2)3/5/(M1 +M2)1/5) and unit redshift,
d2n/(d log10 M dz), defines the normalization of the GW spectrum. If all binaries evolve under
the influence of GW backreaction only in circular orbits, then the spectral index is fixed at
hc( f ) ∝ f−2/3 and the GW background is fully determined (Phinney, 2001). However, to get
to the point at which GW emission is efficient, SMBHBs need to exchange energy and angular
momentum with their stellar and/or gaseous environment (Sesana, 2013a), a process that can
lead to an increase in the binary eccentricity (e.g. Quinlan (1996); Cuadra et al. (2009)). We
assume SMBHBs evolve via three-body scattering against the dense stellar background up to a
transition frequency ft at which GW emission takes over. According to recent studies (Sesana
and Khan, 2015; Vasiliev et al., 2015), the hardening is dictated by the density of background
stars ρi at the influence radius of the binary ri. The bulge stellar density is assumed to follow a
Hernquist density profile (Hernquist, 1990) with total mass M∗ and scale radius a determined by
the SMBHB total mass M = M1 +M2 via empirical relations from the literature (see full details
in Chen et al. (2017b)). Therefore, for each individual system, ρi is determined solely by M. In
the stellar hardening phase, the binary is assumed to hold constant eccentricity et up to ft , beyond
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which it circularizes under the effect of the now dominant GW backreaction. The GW spectrum
emitted by an individual binary adiabatically inspiralling under these assumptions behaves as
hc( f ) ∝ f for f  ft and settles to the standard hc( f ) ∝ f−2/3 for f  ft . The spectrum has a
turnover around ft and its exact location depends on the binary eccentricity et . The observed GW
spectrum is therefore uniquely determined by the binary chirp mass M , redshift z, transition
frequency ft and eccentricity at transition et .
The GW spectrum from the overall population can be computed by integrating the spectrum of
each individual system over the co-moving number density of merging SMBHBs





















where hc,fit is an analytic fit to the GW spectrum of a reference binary with chirp mass M0
at redshift z0 (i.e. assuming d2n/(d log10 M dz) = δ (M −M0)δ (z− z0)), characterized by an
eccentricity of e0 at a reference frequency f0. For these reference values, the peak frequency
of the spectrum fp,0 is computed. The contribution of a SMBHB with generic chirp mass,
emission redshift, transition frequency ft and initial eccentricity et are then simply computed by
calculating the spectrum at a rescaled frequency f ( fp,0/ fp,t) and by shifting it with frequency
mass and redshift as indicated in equation 4.1. In Chen et al. (2017b) it was demonstrated that
this simple self-similar computation of the GW spectrum is sufficient to describe the expected
GW signal from a population of eccentric SMBHBs driven by three-body scattering at f > 1nHz,
relevant to PTA measurement.
As stated above, the shape of the spectrum depends on ρi and et . The stellar density ρi regulates
the location of ft ; the denser the environment, the higher the transition frequency. SMBHBs
evolving in extremely dense environments will therefore show a turnover in the GW spectrum
at higher frequency. The effect of et is twofold. On the one hand, eccentric binaries emit GWs
more efficiently at a given orbital frequency, thus decoupling at lower ft with respect to circular
ones. On the other hand, eccentricity redistributes the emitted GW power at higher frequencies,
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thus pushing the spectral turnover to high frequencies. In our default model, ρi is fixed by the
SMBHB total mass M and we make the simplifying assumption that all systems have the same
et . We also consider an extended model where ρi is multiplied by a free parameter η . This
corresponds to a simple rescaling of the central stellar density, relaxing the strict M−ρi relation
imposed by our default model. We stress here that including this parameter in our main analysis
yielded quantitatively identical results.
We use a generic simple model for the cosmic merger rate density of SMBHBs based on an
overall amplitude and two power law distributions with exponential cut-offs,
d2n



















where dtr/dz is the relationship between time and redshift assuming a standard ΛCDM flat
Universe with cosmological constant of H0 = 70kms−1Mpc−1. The five free parameters are: ṅ0
representing the co-moving number of mergers per Mpc3 per Gyr; α and M∗ control the slope
and cut-off of the chirp mass distribution respectively; β and z∗ regulate the equivalent properties
of the redshift distribution. Equation 4.2 is also used to compute the number of emitting systems
per frequency resolution bin at f > 10 nHz. The small number statistics of the most massive
binaries determines a steepening of the GW spectrum at high frequencies, full details of the
computation are found in Sesana et al. (2008) and Chen et al. (2017b). The GW spectrum is
therefore uniquely computed by a set of six(seven) parameters θ = ṅ0,β ,z∗,α,M∗,et(,η).
4.4.2 Anchoring the model prior to astrophysical models
Although no sub-parsec SMBHBs emitting in the PTA frequency range have been unambiguously
identified to date, their cosmic merger rate can be connected to the merger rate of their host
galaxies. The procedure has been extensively described in Sesana (2013b). The galaxy merger
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Here, MG is the galaxy mass; φ(MG,z) = (dn/d logMG)z is the galaxy mass function measured
at redshift z; F(MG,q,z) = (d fp/dq)MG,z, for every MG and z, denotes the fraction of galaxies
paired with a companion galaxy with mass ratio between q and q+δq; τ(z,MG,q) is the merger
timescale of the pair as a function of the relevant parameters. We construct a library of galaxy
merger rates by combining four measurements of the galaxy mass function φ(MG,z) (Ilbert et al.,
2013; Muzzin et al., 2013; Tomczak et al., 2014; Bernardi et al., 2016), four estimates of the
close pair fraction F(MG,q,z) (Bundy et al., 2009; de Ravel et al., 2009; López-Sanjuan et al.,
2012; Xu et al., 2012) and two estimates of the merger timescale τ(z,MG,q) (Kitzbichler and
White, 2008; Lotz et al., 2010). For each of the galaxy mass functions and pair fractions we
consider three estimates given by the best fit and the two boundaries of the 1σ confidence interval
reported by the authors. We therefore have 12×12×2 = 288 galaxy merger rates. Each merging
galaxy pair is assigned SMBHs with masses drawn from 14 different SMBH-galaxy relations
found in the literature, for more details see Supplementary Table A3. SMBHBs are assumed
to merge in coincidence with the host galaxies (i.e. no stalling or extra delays), but can acrete
either before or after merger according to the three different prescriptions described in Sesana
et al. (2009). This gives a total of 14×3 = 42 distinctive SMBH populations for a given galaxy
merger model. We combine the 288 galaxy merger rates as per equation 4.3 and the 42 SMBH
masses assigned via using Supplementary Table A3 plus accretion prescriptions into a grand
total of 12096 SMBHB population models. Given the uncertainties, biases, selection effects, and
poor understanding on the underlying physics affecting each of the individual ingredients, we do
not attempt a ranking of the models, and give each of them equal weight. The models result in
an allowed SMBHB merger rate density as a function of chirp mass and redshift.
We then marginalize over mass and redshift separately to obtain the functions dn/dz and dn/dM .
We are particularly interested here in testing different SMBH-host galaxy relations. We therefore
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Figure 4.3: Astrophysical prior on the SMBHB chirp mass and redshift distributions. Left panel:
mass density distribution dn/dM of the four astrophysical priors selected in this study (see text
for full description). Right panel: redshift evolution of the SMBHB mass density for the same
four models. Note that the coloured region represent the 99% interval allowed by each model,
this is why individual models can extend beyond the region associated to model ALL (which
includes KH13, G09, S16 as subsets).
construct the function dn/dz and dn/dM under four different assumptions: (i.) Model KH13
is constructed by considering both the M−σ and M−M∗ relations from Kormendy and Ho
(2013); (ii.) Model G09 is based on the M−σ relation of Gültekin et al. (2009); (iii.) Model
S16 employs both the M−M∗ and M−σ relation from Shankar et al. (2016); (iv.) Model ALL
is the combination of all 14 SMBH mass-host galaxy relations listed in Supplementary Table A3.
For each of these four models, the allowed regions of dn/dz and dn/dM are shown in Figure
4.3. The figure highlights the large uncertainty in the determination of the SMBHB merger rate
and unveils the trend of the chosen models; S16 and KH13 represent the lower and upper bound
to the rate, whereas G09 sits in the middle and is representative of the median value of model
‘ALL’. These prior bands need then to be described analytically using the parameters of equation
4.2. The shape of these priors and how they differ (or not) from model to model are shown by
Supplementary Fig. A3.
We then ensured that once the bands of Figure 4.3 are imposed on our model parameters
(θ = {ṅ0,β ,z∗,α,M∗,et(,η)}), that the resulting distribution of characteristic amplitudes hc
is consistent with that of the original models. We computed the GW background under the
assumption of circular GW driven systems (i.e. hc ∝ f−2/3) and compared the distributions
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of h1yr, i.e. the strain amplitudes at f = 1yr−1. The h1yr distributions obtained with the two
techniques were found to follow each other quite closely with a difference of median values and
90% confidence regions smaller than 0.1dex. We conclude that our analytical models provide an
adequate description of the observationally inferred SMBHB merger rate, and can therefore be
used to constrain the properties of the cosmic SMBHB population. In particular model KH13
provides an optimistic prediction of the GW background with median amplitude at f = 1yr−1
of h1yr ≈ 1.5×10−15; model G09 results in a more conservative prediction h1yr ≈ 7×10−16;
model S16 result in an ultra conservative estimate with median h1yr ≈ 4×10−16; and finally the
characteristic amplitude predicted by the compilation of all models (ALL) encompasses almost
two orders of magnitudes with median value h1yr ≈ 8×10−16.
As for the parameters defining the binary dynamics, we assume that all binaries have the same
eccentricity for which we pick a flat prior in the range 10−6 < et < 0.999 (see Supplementary
Fig. A3). In the extended model, featuring a rescaling of the density ρi regulating the binary
hardening in the stellar phase, we assume a log flat prior for the multiplicative factor η in the
range 0.01 < η < 100. For more detailed results of including this additional density parameter
see Supplementary Table A2, Supplementary Note A1 and Supplementary Fig. A4
4.4.3 Likelihood function and hierarchical modelling
By making use of Bayes theorem, the posterior probability distribution p(θ |d,M) of the model
parameters θ inferred by the data d given our model M is




where p(θ |M) is the prior knowledge of the model parameters, p(d|θ ,M) is the likelihood of
the data d given the parameters θ and ZM is the evidence of model M, computed as
ZM =
∫
p(d|θ ,M)p(θ |M)dθ . (4.5)
The evidence is the integral of the likelihood function over the multi-dimensional space defined
by the model parameters θ , weighted by the multivariate prior probability distribution of the










where BA,B = ZA/ZB is the Bayes factor and PM is the prior probability assigned to model M.
When comparing the four models KH13, G09, S16 and ALL, we assign equal prior probability to
each model. Therefore, in each model pair comparison, the odds ratio reduces to the Bayes factor.
Above we have defined the distribution of prior parameters p(θ |M), to proceed with model
comparison and parameter estimation we need to define the likelihood function p(d|θ ,M).
The likelihood function, p(d|θ ,M) is defined following Chen et al. (2017a). We take the posterior
samples from the Parkes PTA analysis (courtesy of Shannon and collaborators) used to place
the 95% upper limit at h1yr = 1× 10−15, when a single power law background hc ∝ f−2/3 is
assumed. However, for our analysis we would like to convert this upper limit at f = 1yr−1 to a
frequency dependent upper limit on the spectrum as shown by the orange curve in Figure 4.1.
Our likelihood is constructed by multiplying all bins together, therefore the resulting overall limit
from these bin-by-bin upper-limits must be consistent with h1yr = 1×10−15. The f1yr posterior
distribution is well fitted by a Fermi function. To estimate a frequency dependent upper limit, we
use Fermi function likelihoods at each frequency bin, which are then shifted and re-normalized
in order to provide the correct overall upper limit. In our analysis we consider the contributions
by only the first four frequency bins of size 1/11yr−1, as the higher frequency portion of the
spectrum provides no additional constraint. We have verified that when we include additional
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bins the results of the analysis are unchanged. Ideally, we would take the bin-by-bin upper
limits directly from the pulsar timing analysis to take account of the true shape of the posterior;
however, the method we use here provides a consistent estimate for our analysis.
Having defined the population of merging binaries, the astrophysical prior and the likelihood
based on the PPTA upper limit result, we use a nested sampling algorithm (Skilling, 2004; Del
Pozzo and Veitch, 2015) to construct posterior distributions for each of the six model parameters.
For the results shown here, we use 2000 live points and run each analysis 5 times, giving an




OBSERVABLES OF GALAXY AND BLACK HOLE
BINARY MERGERS
This chapter is based on a draft for a paper "S. Chen, A. Sesana, C. J. Conselice, Constrain-
ing astrophysical observables of Galaxy and Supermassive Black Hole Binary Mergers using
Pulsar Timing Arrays, ArXiv e-prints, 1810.04184", without the Abstract, Introduction and
Conclusions, that has been submitted for publication to a journal. The main aim is to replace the
phenomenological SMBHB merger rate from chapter 2 with a SMBHB merger rate that comes
from astrophysical observables. This allows for the direct comparison and combination of the
constraints on these observables from traditional electromagnetic observations and observations
on gravitational waves with PTAs.
5.1 GWB strain model
Deviations from an unperturbed spacetime arising from an incoherent superposition of GW
sources (i.e. a stochastic GWB) are costumarily described in terms of characteristic strain hc,
which represents the amplitude of the perturbation per unit logarithmic frequency interval. We
compute hc following Chen et al. (2017b). The model allows for the quick calculation of hc
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given the chirp mass M , redshift z and eccentricity e at decoupling of any individual binary. The
total strain of the GWB can then be computed by integrating over the population d
2n
dzdM , giving
the main equation of Chen et al. (2017b):




















where hc,fit is the strain of a reference binary with chirp mass M0, redshift z0 and eccentricity
e0 and fp,i is the peak frequency of the spectrum (see equation 13 in Chen et al. (2017b) and
relative discussion therein). The main concept of equation (5.1) is to use the self-similarity of
the characteristic strain of a purely GW emission driven binary to shift the reference spectrum to
match the emission of a binary with arbitrary parameters.
As in Chen et al. (2017b), we assume that the evolution of the binary is driven by hardening in a
stellar environment before GW emission takes over at a transition frequency given by (equation
















(Peters and Mathews, 1963), ρi,100 = ρi/(100Mpc−3) is the density of the stellar environment
at the influence radius of the SMBHB, σ200 = σ/(200kms−1) is the velocity dispersion of stars
in the galaxy and M9 = M /(109M) is the rescaled chirp mass. The stellar density is described
by a Dehnen profile (Dehnen, 1993) with a fiducial profile parameter γ = 1. We take the velocity
dispersion σ200 to be a constant (see Chen et al. (2017b)).
Finally, the spectrum described by equation (5.1) is corrected by including an a high frequency


















This upper mass limit M̄ takes into account that, particularly at high frequencies, there is less
than 1 binary above M̄ contributing to the signal within a frequency bin ∆ f = 1/T . Statistically,
this means that in a given realization of the universe, there will be either one or zero loud sources
contributing to the signal. In the case the source is present, it can be removed from the GWB
computation since it will be likely resolvable as an individual deterministic GW source (see
discussion in Sesana et al., 2008).
In Chen et al. (2017b), we used a phenomenological parametric function to describe the SMBHB
merger rate d2n/(dzdM ), and introduced an extra parameter e0 to allow for eccentric binaries
at ft . The quantity d2n/(dzdM ), however, cannot be directly measured from observations. It
can be either computed theoretically from galaxy and SMBH formation and evolution models
(e.g. Sesana et al., 2008; Ravi et al., 2012; Kelley et al., 2017b) or it can be indirectly inferred
from observations of other astrophysical quantities, such as the galaxy mass function, pair
fraction, typical merger timescales, and the SMBH – host galaxy relation. Parametrizing the
SMBHB merger rate as a function of astrophysical observables would therefore allow to reverse
engineer the outcome of current and future PTA observations to obtain useful constrains on those
observables. With this goal in mind, in this paper we expand the model from Chen et al. (2017b)
in two ways:
1. we multiply the fiducial density profile ρi,100 by an extra parameter ζ0 to allow for
variations in density of the stellar environment;
2. we cast the phenomenological SMBHB merger rate d2n/(dzdM ) in terms of astrophysical
observables, such as galaxy mass function and pair fraction, galaxy - black hole relations,
etc., as we detail next in Section 5.2.
97
5.2 Parametric model of the SMBHB merger rate
As detailed in Sesana (2013a); Sesana et al. (2016) the differential galaxy merger rate per unit











where Φ(M,z) is the redshift dependent galaxy stellar mass function (GSMF), F (M,z,q) is
the differential pair fraction with respect to the mass ratio q (see equation (5.12) below) and
τ(M,z,q) is the merger timescale. M is the mass of the primary galaxy, z is the redshift of the
galaxy pair and q is the mass ratio between the two galaxies. It is important to note that a pair of
galaxies at redshift z will merge at redshift z′ < z. The timescale τ(M,z,q) is used to convert
the pair fraction of galaxies at z into the galaxy merger rate at z′ < z (Mundy et al., 2017). The





dz̃ = τ(M,z,q), (5.6)







ΩM(1+ z̃)3 +Ωk(1+ z̃)2 +ΩΛ
. (5.7)















where Φ0(z), M0(z), α0(z) are phenomenological functions of redshift of the form (Mortlock
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Figure 5.1: Comparison between measured and computed GSMFs for 8 redshift bins in the
range 0.4 < z < 3, where blue represents lower and red higher redshift values. The solid lines
represent the original mass functions reported by Conselice et al. (2016) and Mortlock et al.
(2015), the dashed lines are best fits obtained using equation (5.8) with the parametric functions
Φ0(z),M0(z),α(z) for the central values of the 8 corresponding redshift bins.
et al., 2015):
log10 Φ0(z) = Φ0 +ΦIz (5.9)
M0(z) = M0 (5.10)
α0(z) = α0 +αIz (5.11)
The 5 parameters Φ0,ΦI,M0,α0,αI are sufficient to fit the original Schechter functions at any
redshift; an example is shown in figure 5.1. To simplify the notation, in the following Φ0, M0, α0
will implicitly denote their corresponding redshift dependent functions Φ0(z), M0(z), α0(z).








(1+ z)β f qγ f , (5.12)
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where aM0 = 1011M is an arbitrary reference mass. Note that, in the literature, pair fractions






(1+ z)β f , (5.13)
i.e. integrated over the mass ratio of the pairs. The integral of equation (5.12) over q gives






qγ f dq, (5.14)
which becomes equivalent to equation (5.13) by setting
f0 = f ′0
∫
qγ f dq. (5.15)
Equation (5.15) allows to map an observational prior of the form of equation (5.13) into the four
parameters of our model f ′0,α f ,β f ,γ f .





(1+ z)βτ qγτ , (5.16)
where bM0 = 0.4/h0×1011M, and τ0,ατ ,βτ ,γτ are four further model parameters. Equation
(5.16) has originally been derived to describe the galaxy merger timescale (Snyder et al., 2017). A
further delay is, however, expected between the galaxy merger and the SMBHB final coalescence.
In fact, after dynamical friction has merged the two galaxies and has brought the two SMBHs in
the nuclear region, the newly formed SMBHB has to harden via energy and angular momentum
losses mediated by either stars or gas, before GW emission eventually takes over (see Dotti et al.,
2012, for a review). Depending on the details of the environment, this process can take up to
several Gyrs, and even cause the binary to stall (Sesana and Khan, 2015; Vasiliev et al., 2015;
Kelley et al., 2017a). For simplicity, we assume here that this further delay can be re-absorbed in
equation (5.16), which we then use to describe the time elapsed between the observed galaxy
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pair and the final SMBHB coalescence.

























αeff = α0 +α f −ατ
βeff = β f −βτ
γeff = γ f − γτ (5.18)
Equation (5.17) is still a function of the merging galaxy stellar masses, which needs to be
translated into SMBH masses. The total mass of a galaxy M can be converted into its bulge mass
Mbulge, using assumptions on the ellipticity of the galaxy: more massive galaxies are typically
elliptical and have higher bulge to total stellar mass ratio. We use a phenomenological fitting













+0.615 if logM > 10
0.615 if logM < 10.
(5.19)
Note that this fit is appropriate for ellipticals and spheroidals, whereas spiral galaxies usually
have smaller bulge to total mass ratio. In Sesana (2013a) different scaling relations were used for
blue and red galaxy pairs (under the assumption that blue pairs are predominantly spirals and red
pairs predominantly elliptical). The result was that the GW signal is completely dominated by
red pairs. We have checked on Sesana (2013a) data that approximating all galaxies as spheroidals
affects the overall signal by less than 0.05dex. We therefore apply equation (5.19) to all galaxies,
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independent on their colour or morphology.
We can then apply a scaling relation between the galaxy bulge mass Mbulge and black hole mass










where N {x,y} is a log normal distribution with mean value x and standard deviation y, to
translate galaxy mass M into black hole mass MBH. Note that the galaxy mass ratio q is in
general different from the black hole mass ratio qBH = qα∗ . Finally, the galaxy merger rate nG











Equation (5.20) adds three further parameters to the model: M∗,α∗,ε . Lastly, it is convenient
to map MBH,qBH into the SMBHB chirp mass M = MBHq
3/5
BH/(1+qBH)
1/5, by performing a
variable change and integrate over the black hole mass ratio to produce a SMBHB merger rate as









Summarizing, the SMBHB merger rate d2n/(dz′dM ) is described as a function of 16 empirical
parameters that are related to astrophysical observable: (Φ0,ΦI,M0,α0,αI) for the GSMF,
( f ′0,α f ,β f ,γ f ) for the pair fraction, (τ0,ατ ,βτ ,γτ) for the merger timescale, and (M∗,α∗,ε) for
the galaxy – SMBH scaling relation. Further, the first three sets of parameters can be grouped
into the four effective parameters given by equation (5.18). The two extra parameters (e0,ζ0)
enter the computation of the shape of the GW spectrum via the transition frequency ft given in
equation (5.2). We can therefore express the stochastic GWB in equation (5.1) as a function of
18 phenomenological parameters, see table 5.1.
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5.3 GWB simulations and analysis
As in Chen et al. (2017a), we compute the signal-to-noise-ratio S/N S of a detection of a GWB
in the frequency domain as (Moore et al., 2015b; Rosado et al., 2015):










d f . (5.23)

















with γi j = [1−cos(θi j)]/2 and θi j being the relative angle between pulsars i and j. Sh and Sn are
spectral densities of the signal and noise respectively, and Sn includes the ’self noise’ contribution
of the pulsar term (see equation 11 in Chen et al. (2017a) for details).
We can simplify equation (5.23) by assuming that all pulsars are identical (except for their
position in the sky), i.e. all pulsars have the same properties: rms δi = δ , observation time
Ti j = T and observation cadence ∆t. Furthermore, we also assume that there is a sufficient
number of pulsars N, uniformly distributed in the sky, so that each individual coefficient Γi j
can be replaced by the rms computed across the sky Γ =
√
〈Γ2i j〉 = 1/(4
√
3), and the double
sum over all pairs of pulsars ∑i=1,N ∑ j>i becomes N(N− 1). For an observation time T the
spectrum of the GWB is resolved in Fourier frequency resolution bins of equal width ∆ fi = 1/T ,
centred at fi = (2i+1)/(2T ). The total S/N in equation (5.23) can thus be split into frequency
bin components Si:




In the strong signal regime (Sh Sn) equation (5.25) can further be reduced to the approximate
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where we used the fact that Γ 1 and N 1. Equation (5.26) is a drastic simplification, still it
provides the relevant scaling between S , number of pulsars in the array, and frequency range in
which the signal is resolved. For Γ ≈ 0.14, to achieve a S/N ≈ 5 in the lowest few frequency
bins, an array of about 20 equally good pulsars is needed.
PTA data are simulated as in Chen et al. (2017a). For a signal hc with amplitude Adet,i in the i-th
frequency bin, the detection S/N Si is related to the detection uncertainty σdet,i via (see equation






Besides adding a future and an ideal upper limit, we use the same simulation setup as in Chen
et al. (2017a), with the simplifying assumptions that all pulsars are observed with the same
cadence ∆t for the same duration of T and have the same rms of δ . These assumptions only affect
the S/N of the detection, thus setting the error bars σdet,i. This is purely a choice of convenience
that does not affect the general validity of our results. We expand upon the 4 cases from Chen
et al. (2017a) by adding 2 more upper limit cases to get a total of 6 fiducial cases (3 upper limits
and 3 detections):
1. case PPTA15: we use the upper limit curve of the most recent PPTA analysis, as given by
Shannon et al. (2015), which is representative of current PTA capabilities and results in a
GWB upper limit of A = 10−15;1
1A represents the amplitude of the GWB at a reference frequency of f = 1yr−1 under the assumption that its
spectrum is described by a single power law with hc ∝ f−2/3, appropriate for circular, GW-driven binaries.
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Figure 5.2: Examples of simulated detections for two different spectral shapes. Signal models
correspond to the default SMBHB population with parameters defined in Section 5.4 and high
eccentricity (et = 0.9, red) and almost circular (et = 0.01, blue). For each model, solid lines
are the theoretical spectra including the high frequency steepening due to the mass upper limit
defined by equation (5.4), dashed lines depict spectra excluding this feature (therefore with
hc ∝ f−2/3 at high frequency) for comparison. Error bars centred around the model value are the
observed amplitudes with associated uncertainties when Si > 1. The black dotted line represents
the nominal 1σ sensitivity curve of the PTA for the IPTA30 case. Green lines in the upper part
of the figure are current EPTA (dotted), NANOGrav (dashed) and PPTA (solid) upper limits.
2. case PPTA16: we shift the PPTA15 curve down by one order of magnitude, which is
representative of an upper limit of A = 10−16, reachable in the SKA era;
3. case PPTA17: we shift the PPTA15 curve down by two orders of magnitude, which
is representative of an upper limit of A = 10−17. Although such sensitivity cannot be
achieved in the foreseeable future, we use it to infer what conclusions can be drawn by a
non-detection at a level well below currently predicted GWB values;
4. case IPTA30: N = 20, δ = 100ns, T = 30yr, ∆t = 1 week. This PTA results in a detection
S/N≈ 5− 10 and is based on a future extrapolation of the current IPTA, without the
addition of new telescopes;
5. case SKA20: N = 100, δ = 50ns, T = 20yr, ∆t = 1 week. This PTA results in a high
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significance detection with S/N≈ 30−40, which will be technically possible in the SKA
era;
6. case ideal: N = 500, δ = 1ns, T = 30yr, ∆t = 1 week. This is beyond SKA capabilities
but provides useful insights of what might be achievable in principle.
As stated above, for each simulation we compute the S/N Si at each frequency bin. If Si > 1, we
then assume an observed signal with amplitude Ai = hc( fi) and error described by a log-normal
distribution with width given by equation (5.27). Unlike Chen et al. (2017a), if Si < 1, we do
not place an upper limit at that frequency. This is to save on computational costs, having verified
that including the upper limit does not affect the resulting posterior distributions. Examples of
signal generation are shown in figure 5.2 for spectra with A = 5.0×10−16 at f =1/1yr in the
IPTA30 case. This setup results in an initial detection with low S/N, S ≈ 7.
5.3.2 Data analysis method
We apply Bayes’ theorem to perform inference on our model M, given some data d and a set of
parameters θ :
p(θ |d,M) = p(θ |M)p(d|θ ,M)
p(d|M)
, (5.28)
where p(θ |d,M) is the posterior distribution coming from the analysis of the PTA measurement,
p(θ |M) is the prior distribution and accounts for any beliefs on the constraints of the model
parameters (prior to the PTA measurement), p(d|θ ,M) is the likelihood of producing the data
for a given model and parameter set, and p(d|M) is the evidence which a measure of how likely
the model is to produce the data.
To simulate detections we apply the likelihood from Chen et al. (2017a)
pdet (d|Atrial( f )) ∝ exp
{






to each frequency bin for which Si > 1, and then sum over the frequency bins to obtain the total
likelihood. For the upper limit analyses, we use the directly derived likelihood from the PPTA
upper limit, as described in Appendix A.3 of Middleton et al. (2018).
Prior distributions are taken from independent theoretical and observational constrains, as
described in Section 5.4. The parameter space is sampled using cpnest (Del Pozzo and Veitch,
2015), which is a parallel implementation of the nested sampling algorithm in the spirit of Veitch
et al. (2015) and Skilling (2004). Nested sampling algorithms do not only provide posterior
distributions, but also the total evidence. This allows us to compute Bayes factors for model
comparisons. Each simulation has been run with 1000 livepoints, producing ∼ 2500 independent
posterior samples.
5.4 Defining the prior ranges of the model parameters
There is a vast literature dedicated to the measurement of the GSMF, galaxy pair fraction, merger
timescale and SMBH – host galaxy scaling relations. We now described how independent
observational and theoretical work translates into constrained prior distributions of the 18
parameters of our model. A summary of all the prior ranges is given in table 5.1.
5.4.1 Galaxy stellar mass function
At any given redshift, the GSMF is usually described as a Schechter function with three pa-
rameters (Φ0,M0,α0). The parameters, however, are independently determined at any redshift.
Depending on the number of redshift bins n to be considered in the computation, this can easily
lead to a very large number of parameters 3n. To reduce the dimensionality of the problem from
3n to five, we note that the parameters (Φ0,α0) show clear linear trends with redshift, whilst M0
is fairly constant (see Mortlock et al. (2015)). This allows for a re-parametrisation as a function
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Figure 5.3: Comparison between the allowed region of GSMFs for different redshift bins
computed from Conselice et al. (2016) (3 dashed lines) and the region of GSMFs recovered
by using the five GSMF parameters (Φ0,ΦI,M0,α0,αI) (3 solid lines). Black lines represent
the median, whilst green lines represent the upper and lower bounds of the 99% confidence
region. The top and bottom panel show the GSMF in the 0 < z < 1 and 1 < z < 3 redshift bins
respectively.
of the 5 parameters (Φ0,ΦI,M0,α0,αI) performed in Section 5.2.
A comprehensive list of published values for the parameters (Φ0,M0,α0) for various redshift
bins can be found in Conselice et al. (2016), which forms the basis of our prior distribution. We
compute Φ(M,z) between 109M and 1012M for all sets of (Φ0,M0,α0), dividing the sample

































































Figure 5.4: Corner plot showing the prior distributions of the five GSMF parameters
(Φ0,ΦI,M0,α0,αI) used in this work.
in figure 5.3. We then take uniform distributions of (Φ0 ∈ [−3.4,−2.4],ΦI ∈ [−0.6,0.2],M0 ∈
[11,11.5],α0 ∈ [−1.5,−1.],αI ∈ [−0.2,0.2]), compute the Φ(M,z) for each sample and redshift
bins and compare them against the allowed range. If the value is within the range, the sample is
accepted, otherwise it is rejected. The resulting prior distributions are shown in figure 5.4.
5.4.2 Pair fraction
Constraints on the pair fraction have been derived by counting the numbers of paired and merged
galaxies in various surveys with a number of different photometric and spectroscopic techniques
(see, e.g., Conselice et al., 2003; Xu et al., 2012; Robotham et al., 2014; Keenan et al., 2014).
Recently, Mundy et al. (2017) have combined data from several surveys to produce an overall
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up-to-date constraint. We base our prior range on the results reported in table 3 of their paper,
for the All+GAMA+D17 survey combination and galaxy separation of 5−30 kpc:
fpair =

0.028±0.002× (1+ z)0.80±0.09 for logM > 10
0.024±0.004× (1+ z)0.78±0.20 for logM > 11
(5.30)
This is one of the flatter redshift dependences within the Mundy et al. (2017) compilation. It is,
however, likely the more accurate measurement, coming from a combination of deep surveys.
Moreover, while stronger redshift dependences are common for Milky Way-size galaxies, most
fpair measurements of galaxies with M > 1011M have a relatively flat redshift dependence.
Most of the GWB will come from SMBHBs hosted in those massive galaxies, this justifies
our choice. Noting that both sets of parameters and uncertainties in equation (5.19) are similar,
we use flat priors for f0 ∈ [0.02,0.03] and β f ∈ [0.6,1] for all galaxy masses. Steeper redshift
dependences are allowed in our set of ’extended prior’, introduced in section 5.4.5 below. Mundy
et al. (2017) also find no significant dependency on galaxy mass, thus we pick α f ,γ f ≈ 0, adding
the possibility of a mild deviation by imposing a flat prior α f ,γ f ∈ [−0.2,0.2].
5.4.3 Merger timescale
In this paper, we define the merger timescale, as the time elapsed between the observation of a
galaxy pair at a given projected separation (usually 20 or 30 kpc) and the final coalescence of
the SMBHB. Galaxy merger timescales have been computed both for simulations of isolated
galaxy mergers (Lotz et al., 2011) and from ensemble of halos and galaxies extracted from large
cosmological simulations (Kitzbichler and White, 2008; Snyder et al., 2017), resulting in a large
dynamical range. We therefore choose the parametrisation given by equation (5.16), which is
sufficiently generic to cover the whole range of possible effects influencing the total merger time.
To include further delays of the SMBHB due to the hardening phase, we choose wide uniform
prior ranges τ0 ∈ [0.1,2] Gyr and βτ ∈ [−2,1]. The mass dependencies are generally found to be
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milder, playing a minor role. We therefore choose flat prior ranges ατ ,γτ ∈ [−0.2,0.2].
5.4.4 Mbulge−MBH relation
Since SMBHs are thought to have an important impact on the formation and evolution of their
host galaxy and vice versa, the relation between their mass and several properties of the host
galaxy has been studied and constrained by a number of authors (see Kormendy and Ho, 2013,
for a comprehensive review). Here we use the tight relation between the SMBH mass and the
stellar mass of the spheroidal component (i.e. the bulge) of the host galaxy, which has been
described as a power-law of the form of equation (5.20) with some intrinsic scattering. Although
non-linear functions have been proposed in the literature (see, e.g., Graham and Scott, 2013;
Shankar et al., 2016), the non-linearity is mostly introduced to describe the (observationally very
uncertain) low mass end of the relation. Since the vast majority of the GWB is produced by
SMBH with masses above 108M (Sesana et al., 2008), we do not consider here those alternative
parametrizations.
To construct the prior distributions, we apply the same method as in Section 5.4.1. We define the
allowed region of the MBH−Mbulge relation as the one enclosed within a compilation of relations
collected from the literature in Middleton et al. (2018). We then draw relations from a uniform
distribution of log10 M∗ ∈ [7.75,8.75] and α∗ ∈ [0.9,1.1] and accept them if they fall within the
region allowed by observations. Additionally, we assume a flat distribution for the scattering
ε ∈ [0.3,0.5]. Figure 5.5 shows the obtained prior distributions for (M∗,α∗,ε).
5.4.5 Eccentricity and stellar density
The last two parameters deal with the properties of the individual binary. As the eccentricity at
decoupling is not well constrained (see, e.g. Sesana and Khan, 2015; Mirza et al., 2017), we













































Figure 5.5: Corner plots showing the prior distributions of the Mbulge−MBH relation (M∗,α∗)
and scatter ε parameters used in this work.
the stellar density around the SMBHB (see section 5.1). ζ0 is a multiplicative factor added
to the density at the SMBHB influence radius, ρi,100, calculated by using the fiducial Dehnen
profile defined in Chen et al. (2017b). This has an impact on the frequency of decoupling, as
a higher density of stars in the galactic centre means more efficient scattering. The SMBHB
thus experiences a faster evolution, reaching a higher ft before transitioning to the efficient GW
emission stage. We choose to include densities that are between 0.01 and 100 times the fiducial
value, which is consistent with the large variation of stellar densities observed in cusped vs cored
galaxies (Kormendy et al., 2009). This translates into a flat prior log10 ζ0 ∈ [−2,2].
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parameter description standard extended
Φ0 GSMF norm −2.8±0.3 −2.8±0.3
ΦI GSMF norm redshift evolution −0.25±0.22 −0.25±0.22
log10 M0 GSMF scaling mass 11.25±0.2 11.25±0.2
α0 GSMF mass slope −1.25±0.17 −1.25±0.17
αI GSMF mass slope redshift evolution 0±0.15 0±0.15
f0 pair fraction norm [0.02,0.03] [0.01,0.05]
α f pair fraction mass slope [-0.2,0.2] [-0.5,0.5]
β f pair fraction redshift slope [0.6,1] [0,2]
γ f pair fraction mass ratio slope [-0.2,0.2] [-0.2,0.2]
τ0 merger time norm [0.1,2] [0.1,10]
ατ merger time mass slope [-0.2,0.2] [-0.5,0.5]
βτ merger time redshift slope [-2,1] [-3,1]
γτ merger time mass ratio slope [-0.2,0.2] [-0.2,0.2]
log10 M∗ Mbulge−MBH relation norm 8.17±0.33 8.17±0.33
α∗ Mbulge−MBH relation slope 1±0.1 1±0.1
ε Mbulge−MBH relation scatter [0.3,0.5] [0.2,0.5]
e0 binary eccentricity [0.01,0.99] [0.01,0.99]
log10 ζ0 stellar density factor [-2,2] [-2,2]
Table 5.1: List of the 18 parameters in the model, including their description, standard and
extended prior distribution ranges. Squared brackets indicate flat distributions, while ± signs
indicate rough boundaries for the distributions found in section 5.4.
5.4.6 Extended prior ranges
Unless otherwise stated, the prior ranges just described are used in our analysis. However,
we also consider ’extended’ prior ranges for some of the parameters. Although observational
determination of the galaxy mass function is fairly solid, identifying and counting galaxy pairs in
large galaxy surveys is a delicate endeavour, especially beyond the local universe. We therefore
also consider extended prior ranges f0 ∈ [0.01,0.05], α f ∈ [−0.5,0.5] and β f ∈ [0,2], allowing
for more flexibility in the overall normalization, redshift and mass evolution of the galaxy pair
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fraction. Likewise, SMBHB merger timescales are poorly constrained. The prior range adopted
in Section 5.4.3 is rather wide, but notably does not allow for stalling of low redshift binaries (the
maximum allowed merger timescale being 2 Gyrs). Also in this case we consider extended prior
ranges τ0 ∈ [0.1,10] Gyr, ατ ∈ [−0.5,0.5] and βτ ∈ [−3,1], allowing the possibility of SMBHB
stalling at any redshift. Finally we also consider a wider prior on the scatter of the MBH−Mbulge
relation ε ∈ [0.2,0.5], mostly because several authors find ε ≈ 0.3, which is at the edge of our
standard prior. All standard and extended priors are listed in table 5.1.
5.5 Results and discussion
Having defined the mathematical form of the signal, the prior ranges of all the model parameters,
the simulated data and the form of the likelihood function, we performed our analysis on the
six limits and detections described in Section 5.3.1. In this section, we present the results of
our simulations and discuss their astrophysical consequences in detail. We first present the
implications of current and future upper limits and then move onto discussing the different cases
of detection. Note that, although all 18 parameters are left free to vary within their respective
priors, we will present posteriors only for the subset of parameters that can be significantly
constrained via PTA observations. Those are the overall normalization of the merger rate neff, the
parameters defining the merger timescale τ0,ατ ,βτ , the parameters defining the MBH−Mbulge
relation M∗,ε , the eccentricity at the transition frequency e0, and the normalization of the stellar
density ζ0. Because the large number of parameters and the limited information enclosed in
the GWB shape and normalization, other parameters are generally unconstrained. Corner plots
including all 18 parameters for all the simulated upper limits and detections are presented in
Appendix B. All runs are performed using the standard prior distributions derived in Section 5.4,
unless stated otherwise.
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Figure 5.6: Comparison of the predicted strain hc of the GWB from this model (green dashed
lines) and the ALL model from Middleton et al. (2018) (solid black lines), the top panel shows
the predicted strain hc from the full model, the bottom panel restricts the model to circular
eccentricity without the drop at high frequencies. The left panels show the frequency - strain
plot, while the right panels show the posterior density function (PDF) at f = 1/1yr.
5.5.1 Predicted GWB Strain
A direct product of combining the GWB model described in Section 5.1 to the astrophysical
priors presented in Section 5.4 is a robust update to the expected shape and normalization of
the signal. Thus, before proceeding with the analysis of our PTA simulations, we present this
updated prediction. In figure 5.6 the predicted strain of the GWB using our standard prior is
compared to the ALL model from Middleton et al. (2018). The shapes and normalization of the
two predictions are fairly consistent. At f = 1yr−1 our model predicts 10−16 < hc < 10−15 at
90% confidence, which is slightly more restrictive than the ALL model. This has to be expected
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since model ALL from Middleton et al. (2018) is constructed following the method of Sesana
(2013a). The latter, in fact, gave equal credit to all measurements of the galaxy mass function,
pair fractions and SMBH – galaxy scaling relations, without considering any possible correlations
between their underlying parameters. Our detailed selection of the prior range takes correlations
between different parameters into account (see e.g. figure 5.4) and is likely more restrictive in
terms of galaxy pair fraction.
The bottom panel of figure 5.6 shows the predicted hc range assuming circular, GW driven
binaries and no high frequency drop, hence producing the standard f−2/3 spectral shape. In this
simplified case hc( f = 1yr−1) is a factor of ≈ 2 higher, spanning from 2×10−16 to 2×10−15.
Still, most of the predicted range lies below current PTA upper limits, as well as being consistent
with other recent theoretical calculations (Dvorkin and Barausse, 2017; Kelley et al., 2017b;
Bonetti et al., 2018).
5.5.2 Upper limits
Current Upper limit at A( f = yr−1) = 1×10−15
Firstly, we discuss the implication of current PTA upper limits. Here, we use the PPTA upper limit,
nominally quoted as A( f = 1yr−1) = 1.0×10−15, which represents the integrated constraining
power over the entire frequency range assuming a f−2/3 power-law. As it has been recently
pointed out by Arzoumanian et al. (2018b), that the sensitivity of PTAs have become comparable
to the uncertainty in the determination of the solar system ephemeris SSE – the knowledge
of which is required to refer pulse time of arrivals collected at the telescopes to the solar
system baricenter. Thus, it has become necessary to include an extra parametrized model of the
SSE into the GWB search analysis pipelines. This leads to a more robust albeit higher upper
limit, as part of the constraining power is absorbed into the uncertainty of the SSE. A robust
upper limit including this effect has recently been placed by the NANOGrav Collaboration at
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Figure 5.7: Implication of a 95% upper-limit of A( f = yr−1) = 1×10−15, corresponding to the
most stringent PTA upper limit to date. The posterior for the spectrum (top left), mass (top right),
redshift functions (centre left) and Mbulge−MBH relations (centre right) are shown as shaded
areas, with the central 68% and 90% confidence regions indicated by progressively lighter shades
of grey, and the solid black line marking the median of the posterior. The solid orange line and
star in the top left panel indicate the frequency dependent and nominal frequency integrated 95%
upper limit from Shannon et al. (2015) respectively. The bottom row shaded histograms show
the marginalized posteriors for selected model parameters with the prior distributions indicated
in green, see Section 5.4 and table 5.1.
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A( f = 1yr−1) = 1.45×10−15, which is higher but of the same order as the PPTA upper limit.
We therefore consider the PPTA upper limit in this analysis, with the understanding that the
recent NANOGrav upper limit would lead to very similar implications.
Figure 5.7 shows that upper limits add very little knowledge to our understanding of the SMBHB
population as constrained by the priors on our model parameters. This is in agreement with there
being no tension between the current PTA non-detection of the GWB and other astrophysical
observations, as extensively discussed in Middleton et al. (2018). The range of characteristic
strain of the GWB predicted by the prior ranges of our model 10−16 < hc < 10−15, shown in
the upper left plot of figure 5.7, is only mildly reduced by current PTA observations. Therefore,
PTAs are starting to probe the interesting, astrophysical region of the parameter space, without
yet being able to rule out significant areas, as can be seen in the posterior distribution of the
model parameters shown at the bottom of figure 5.7. This results into a logarithmic Bayesian
evidence loge Z (10
−15) =−0.55. The evidence is normalized so that an ideal reference model
that is unaffected by the measurement has loge = 0. The log evidence can therefore be directly
interpreted as the Bayes factor against such a model. In this specific case, we find e−0.55 =
0.58, indicating that current upper limits do not significantly disfavour the prior range of our
astrophysical model. This can also be seen in the bottom row posteriors of figure 5.7 where
the posterior and prior distributions are almost identical, e.g. the effective merger rate (top left
histogram) has an upper limit of neff ∼ 1.4(2.1)× 10−4Mpc−3Gyr−1 for the posterior(prior)
respectively.
Future Upper limit at A( f = yr−1) = 1×10−16
To investigate what useful information on astrophysical observables can be extracted by future
improvements of the PTA sensitivity, we have shifted the upper limit down by an order of
magnitude to A( f = 1yr−1) = 1.0×10−16, indicative of the possible capabilities in the SKA era
(Janssen et al., 2015).
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Figure 5.8: Same as figure 5.7 without the posterior distributions for the mass and redshift
functions, but for an upper limit of A( f = yr−1) = 1×10−16
Results are shown in figure 5.8. Unlike the current situation, a future upper limit can put
significant constraints on the allowed parameter space, also reflected in value of the Bayesian
evidence loge Z (10
−16) =−4.32. The odds ratio compared to a reference model untouched by
the limit is now e−4.32 = 0.013, indicating that our astrophysical prior would be disfavoured a
2.5σ level. The Bayes factor B = expZ (10−15)/expZ (10−16)≈ 43 provides evidence that
there is tension between current constraints on astrophysical observables (defining our prior)
and a PTA upper limit of 10−16 on the GWB level. The top left panel of 5.8 shows that hc is
relegated at the bottom of the allowed prior range, and the top right panel indicates that a low
normalization to the MBH−Mbulge relation is preferred. The bottom row posteriors in figure 5.8
show significant updates with respect to their prior distributions. A more restrictive upper limit
on the effective merger rate (top left histogram) at neff ∼ 6.3×10−5Mpc−3Gyr−1 can be placed
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and the distribution of all parameters defining the merger timescale are skewed towards high
values, meaning that longer merger timescales, i.e. fewer mergers within the Hubble time, are
preferred. Besides favouring lower merger rates, light SMBH are also required, as shown by the
posterior of the M∗ parameter. Lastly, there is tentative evidence that SMBHBs have to be very
eccentric and in dense stellar environments, although the whole prior range of these parameters
is still possible.
Ideal Upper limit at A( f = yr−1) = 1×10−17
Pushing the exercise to the extreme, we shift the future upper limit down by another order of
magnitude to A( f = 1yr−1) = 1.0×10−17, which might be reached in the post-SKA era of PTA
observations (Janssen et al., 2015). Nonetheless, this unveils what would be the consequences of
a severe non detection, well below the level predicted by current SMBHB population models.
Figure 5.9 compares inference on model parameters for the PPTA17 run, assuming either
standard or extended prior distributions.
If we assume standard priors, constraints derived in the PPTA16 case are pushed to the extreme.
The Bayesian evidence is now loge Z (10
−17) =−13.69. The odds ratio compared to a reference
model untouched by the limit becomes e−13.69 ≈ 10−6, indicating that our astrophysical prior
would be severely disfavoured at a 5σ level. This would rule out the vast majority of our current
constraints on the GSMF, pair fraction, merger timescale and Mbulge−MBH relation. Although
the effective merger rate is only limited to be smaller than neff ∼ 5.6×10−5Mpc−3Gyr−1, all
other parameters in the bottom row corner plots in figure 5.9 show rather extreme posterior distri-
butions. Since our standard prior does not allow stalling of low redshift SMBHBs (the maximum
normalization of the local merger timescale being 2 Gyrs), skewing the merger timescale to
extreme values is not sufficient to explain the non detection. Further, the normalization to the
MBH−Mbulge is severely pushed to the low end, at M∗ < 108M, thus completely ruling out
several currently popular relations (e.g., Kormendy and Ho, 2013; McConnell and Ma, 2013).
120

























































































8 0.2 0.4 0.6 0.8 1.0
e0






























































8 0.2 0.4 0.6 0.8 1.0
e0
1.6 0.8 0.0 0.8 1.6
log10 0
0.49+1.382.15
Figure 5.9: Implications of a 95% upper-limit of A( f = yr−1) = 1×10−17 with standard (left
column) and extended (right column) prior distributions. In each column, the top panel shows
the posterior of the recovered GWB spectrum with the central 68% and 90% confidence regions
indicated by progressively lighter shades of grey. The bottom corner plots show the (one)two-
dimensional posteriors for each model parameter pairs as shaded area, the different levels of
shading indicate the 5%, 50% and 95% confidence regions. In each sub-panel, the green lines
show the 100% confidence levels for the prior.
Even with the smallest possible MBH−Mbulge, a non detection at A( f = 1yr−1) = 1.0×10−17
requires a very high frequency turnover of the GWB (see upper left panel of figure 5.9), which
can be realized only if all binaries have eccentricity e0 > 0.95 and reside in extremely dense
environments (at least a factor of 10 larger than our fiducial Dehnen profile).
As mentioned above, our standard prior on the total merger timescale (see Section 5.4.3), implies
that stalling hardly occurs in nature. Although this is backed up by recent progresses in N-body
simulations and the theory of SMBHB hardening in stellar environments (see, e.g., Sesana and
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Khan, 2015; Vasiliev et al., 2015), we want to keep an open mind and check what happens when
arbitrary long merger timescales, and thus stalling, are allowed. We note, however, that such
a model is intrinsically inconsistent, because when very long merger timescales are allowed,
one should also consider the probable formation of SMBH triplets, due to subsequent galaxy
mergers. Triple interactions are not included in our models but they have been shown (Bonetti
et al., 2018; Ryu et al., 2018) to drive about 1/3 to the stalled SMBHBs to coalescence in less
than 1 Gyr. Therefore, we caution that actual constrains on model parameters would likely be
more stringent than what described in the following. The extended prior distributions relaxes the
strong evidence of−13.69 to loge Z (10−17) =−4.56 and the Bayes factor becomes comparable
to the PPTA16, this is mainly due to allowing binaries to stall as the merger timescale increases
to τ0 > 5.5 Gyr. The extreme constraints on the other parameters are consequently loosened,
although posterior distributions of M∗,e0,ζ0 indicate that light SMBHBs are favoured, along
with large eccentricities and dense environments. Thus allowing the effective merger rate to drop
to below neff ∼ 1.1×10−5Mpc−3Gyr−1.
Table 5.2 summarizes the increasing constraining power as the upper limits are lowered. As they
become more restrictive, fewer mergers are allowed. The effective merger rate is therefore pushed
to be as low as possible with long merger timescales, low SMBHB masses, large eccentricities and
dense environments. Bayes factors comparing the current observational constraints, i.e. the prior
ranges, with posterior constraints can be calculated from the evidences. These, however, show
that the tension increases from 0.6σ with the current upper limit of A( f = yr−1) = 1×10−15
to 5σ with an ideal upper limit at A( f = yr−1) = 1×10−17. Relaxing the upper bound on the
merger time norm and other constraints (see Section 5.4.5) can alleviate the tension between
current observations and such a upper limit to 2.6σ (although this does not take into account for
triple-induced mergers, as mentioned above).
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parameter log10 neff τ0 loge Z
standard prior: no upper limit <−3.68 > 0.2 0
standard prior: A = 1×10−15 <−3.85 > 0.28 -0.55
standard prior: A = 1×10−16 <−4.2 > 0.75 -4.32
standard prior: A = 1×10−17 <−4.25 > 0.94 -13.69
extended prior: A = 1×10−17 <−4.96 > 5.5 -4.56
Table 5.2: List of bounds for selected parameters and evidences for the upper limit cases. The
95% upper bounds for the effective merger rate, the 95% lower bounds for the merger time norm
and the evidences are reported in the columns. The five rows list the values for the standard prior,
current, future and ideal upper limit posteriors from top to bottom.
5.5.3 Simulated detections
Although it is useful to explore the implication of PTA upper limits, it is more interest-
ing to consider the case of a future detection, which is expected within the next decade
(Rosado et al., 2015; Taylor et al., 2016b; Kelley et al., 2017b). We therefore turn our
attention at simulated detections and their potential to put further constraints on the astro-
physics of galaxy evolution and SMBHB mergers. The amplitude of the simulated GWB
is defined by the 16 parameters describing the SMBHB merger rate. We fix those as fol-
lows: (Φ0,ΦI,M0,α0,αI, f0,α f ,β f ,γ f ,τ0,ατ ,βτ ,γτ ,M∗,α∗,ε) = (-2.6, -0.45, 1011.25, -1.15,
-0.1, 0.025, 0.1, 0.8, 0.1, 0.8, -0.1, -2, -0.1, 108, 1, 0.3). The low frequency turnover is defined by
the two extra parameters (e0,ζ0). We fix ζ0 = 1 and we produce two GWB spectra distinguished
solely by the assumed value of the eccentricity: ei = 0.01 (circular case) and ei = 0.9 (eccentric
case). This set of parameters is chosen such that it results in a GWB strain of hc = 5.0×10−16 at
1/1yr (i.e. well within current upper limits), whilst being consistent with the current constraints
of all the relevant astrophysical observables:
• GSMF: the values for (Φ0,ΦI,M0,α0,αI) are chosen, such that they accurately reproduce
the currently best measured GSMF, i.e., they are close to the best fit values of the re-
parametrisation described in Section 5.4.1;
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• merger timescale: τ0 = 0.8 Gyr is chosen to match the predicted merger timescales found
in simulations by Lotz et al. (2010), while βτ = −2 is chosen to match the expected
redshift evolution of the merger timescale from Snyder et al. (2017);
• Mbulge−MBH relation: (M∗,α∗,ε) have been chosen to produce the injected characteristic
strain amplitude, consistent with the allowed prior shown in figure 5.5.
The other parameters are chosen to be close to the centre of their prior ranges, except for the
eccentricity, as mentioned above.
Circular case
Figure 5.10 shows a comparison of the results of the IPTA30 (left column) and SKA20 (right
column) setups for the circular case (e0 = 0.01). In the IPTA30(SKA20) case the GWB has been
detected in 10(14) frequency bins up to frequencies of ∼ 1(2)×10−8 Hz, for a total detection
S/N S ≈ 7(35). Qualitatively, both detections provide some extra constraints on selected prior
parameters. The injected spectrum, mass and redshift function are recovered increasingly better
as the S/N increases. Still, a broad portion of the initial parameter space is allowed, especially
for the redshift evolution of the SMBHB merger rate. It should be noted that PTAs have the
most constraining power around the bend of the mass function, at the SMBHB chirp mass
M ≈ 3×108M. The posterior panels at the bottom of figure 5.10 show that there is not much
additional information gained compared to the prior knowledge for most of the parameters (full
corner plots shown in Appendix B), with three notable exceptions:
1. merger timescale. τ0 is marginally constrained around the injected value (0.8 Gyrs) in the
IPTA30 case, the constraint becomes better in the SKA20 case. βτ is also skewed towards
low values (consistent with the βτ =−2 injection). A clean PTA detection thus potentially
allow to constrain the timescale of SMBHB coalescence, which can help in understanding
the processes driving the merger;
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Figure 5.10: Implications of a PTA detection at a low (S/N≈7, left column) and moderate
(S/N≈35, right column) significance, assuming a SMBHB population with default parameters
and almost circular (et = 0.01) at decoupling. As in figure 5.7, the posterior for the spectrum,
mass and redshift functions (in descending order from the top) are shown as shaded areas. In
each of those panels, the dash–dotted red line indicates the injected model. In the top panels
the vertical blue bands indicate the 68% confidence interval of the observed signal amplitude at
each frequency bin. The dotted line is the nominal 1σ sensitivity of the considered PTA. The
dotted red line shows the simulated spectrum assuming no drop due to missing sources at high
frequencies. The bottom row histograms in shades of grey show the marginalized posteriors for
selected model parameters with the prior distributions indicated in green. The injected parameter
values are marked by red dashed lines.
2. Mbulge−MBH relation. The M∗ panels show a tightening of the M∗ distribution with
increasing S/N. A detection would thus also allow to constrain the Mbulge−MBH relation;
3. eccentricity and stellar density. The posterior distributions for e0 and log10 ζ0 show some
marginal update. In particular in the SKA20 case, extreme eccentricities, above e0 > 0.9
can be safely ruled out. Note that the absence of a low frequency turnover also favours
small value of ζ0, fully consistent with the injected value ζ0 = 1.
Eccentric case
The results for the IPTA30 and SKA20 eccentric cases are shown in figure 5.11, with full corner
plots reported in Appendix B. In general results are comparable to the circular case shown above,
as the only difference is in the injected eccentricity parameter. The left column (IPTA30 case) of
figure 5.11 shows nearly identical posterior distributions to its circular counterpart reported in
figure 5.10, this also translates into similar recovered spectrum, mass and redshift functions.
However, in the SKA20 case, the detection S/N is high enough to allow a clear detection of the
spectrum turnover in the lowest frequency bins. Which is not the case for the IPTA30 case, as
can be seen in the top row spectra plots of figure 5.11. This has important consequences for
astrophysical inference since an observable turnover is only possible if binaries are significantly
eccentric and/or evolve in very dense environments. This is shown in the e0 and ζ0 posterior
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Figure 5.11: Same as figure 5.10 but assuming decoupling eccentricity of et = 0.9. The posterior
panels of the mass and redshift functions are analogue to those in the circular case and thus not
shown here.
distributions at the bottom right of figure 5.11: eccentricities e0 < 0.4 are excluded and densities
higher than what predicted by the fiducial Dehnen model are strongly favoured. The full corner
plot B10 reported in Appendix B also highlights the e0− ζ0 degeneracy, as a low frequency
turnover can be caused by either parameters; a very eccentric binary in a low density stellar
environment has the turnover at the same frequency as a lower eccentric binary in a denser stellar
environment. Additionally, a large region in the e0−ζ0 plane has been ruled out(e0 > 0.41 and
log10 ζ0 >−0.63). This also prompts some extra constrain in the MBH−Mbulge relation, as can
127
be seen in the trends in the α∗ and ε distributions.
Summarizing, little extra astrophysical information (besides the non-trivial confirmation that
SMBHBs actually do merge) can be extracted in the IPTA30, whereas many more interesting
constrains emerge as more details of the GWB spectrum are unveiled in the SKA20 case. Although
posteriors on most of the parameters remain broad, the typical SMBHB coalescence timescale can
be constrained around the injected value; the posterior distributions of neff and M∗ are tightened,
providing some extra information on the SMBHB merger rate and on the MBH−Mbulge scaling
relation; significant constrains onto the SMBHB eccentricity and immediate environment can be
placed if a low frequency turnover is detected.
Ideal case
We show ideal detections for both the circular and eccentric cases in figure 5.12. Although, such
detection may not be achievable by PTAs in the foreseeable future, these results show what might
be constrained in principle by combining astrophysical prior knowledge to precise measurements
of the amplitude and shape of the nano-Hz stochastic GWB.
The spectra, mass and redshift functions (not shown in the figure) are recovered extremely
well in both cases. Both corner plots also show interesting constrains on some key parameters.
The typical merger timescale τ0 is correctly measured and constrained within less than 1 Gyr
uncertainty, and clear trends in ατ and βτ provide some extra information on the merger timescale
evolution with galaxy mass and redshift. Note that those are parameters defining the SMBHB
coalescence time which are unlikely to be measured by any other means. The normalization of
the Mbulge−MBH relation is also significantly constrained, as shown by the tight M∗ posterior
distributions. Again we see both in the circular and eccentric cases the degeneracy between
eccentricity e0 and stellar density ζ0, as in the SKA20 eccentric case above. The posterior regions
contain the injected values and exclude a large region from the prior: e0 < 0.45, log10 ζ0 < 1.14
for the circular case and e0 > 0.42, log10 ζ0 >−0.22 to the 95th percentile. Although, the ideal
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log10 0
1.38+0.571.60
Figure 5.12: Implications of an ideal detection with 500 MSPs timed at sub-ns precision for 30
years. The injected model has default parameters with et = 0.01 (left column) and et = 0.9 (right
column). Panel sequence and style as in figure 5.9.





































injection −4.0 0.8 8.0 0.9 0.0
Table 5.3: List of credible intervals for selected parameters of the model. Each column reports
the median value together with the errors bracketing the 90% confidence regions for selected
parameters. The five rows list the boundaries defined by the prior distributions, the posterior
distributions as measured in the IPTA30, SKA20 and ideal cases and the injected values from top
to bottom.
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eccentric detection has a vastly larger S/N than its SKA20 analogue, the constraints on e0 and
log10 ζ0 are comparable due to the degeneracy between the two parameters. Table 5.3 shows the




SUMMARY, CONCLUSIONS AND OUTLOOK
What we can learn from PTA observations has been the main question around which this thesis
has developed. To solve this question I have introduced the theory and methodology of doing
GW science with PTAs. These have been applied to PTA observations on the GWB to constrain
the parameter space of models predicting the characteristic strains of such a GWB.
This thesis introduced a parametric model to quickly and accurately compute the characteristic
strain of a GWB from a population of SMBHBs described by a phenomenological function. The
semi-analytic model deviates from the f−2/3 powerlaw with two prominent features: 1. a bend
at low frequencies coming from including eccentric binaries in the population and 2. a drop at
high frequencies due to the removal of individual resolvable sources from the population. We do
not account for a full backwards evolution of the SMBHBs, but rather set an eccentricity when
the evolution decouples from its stellar environment and becomes GW emission dominated. This
generally happens at sub nHz frequencies, we have verified that the computed spectrum in the
PTA sensitive band between nHz and mHz is only marginally affected. This low frequency drop
is thus only dependent on the properties of the individual binaries. The high frequency drop
is only dependent on the properties of the SMBHB population. Consequently, observing the
spectrum at both ends should allow for a good recovery of the parameters of the merger rate and
individual binaries.
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Owing to the computational efficiency of the model, it was possible to do full Bayesian analyses
on current PTA upper limits and simulated detections with this model to constrain its parameters.
We showed that the current upper limit of Ayr = 10−15 can only constrain the overall merger
rate of SMBHBs to ṅ0 < 2.5× 10−3Gyr−1Mpc3. The three simulated detection cases for the
IPTA30, SKA20 and Ideal PTA setups all show improving constraints on the overall merger rate.
A clear degeneracy between the mass of the SMBHB and its eccentricity at decoupling was also
found. This degeneracy stems from the fact that lighter less eccentric binaries evolve similarly to
heavier more eccentric binaries and can only be broken either with an Ideal detection up to very
high frequencies or with independent constraints from other observations.
We revisited the astrophysical interpretation from the PPTA upper limit analysis (Shannon
et al., 2015) with our Bayesian analysis framework. 4 representative models computing the
SMBHB merger rate from electromagnetic observations were picked: a pessimistic, a fiducial,
an optimistic and a general model including all of the previous models. These SMBHB merger
rates were translated into different prior distributions. The Bayesian analyses yield little to no
tension between the current SMBHBs assembly models and the non-detection of a GWB with
PTAs. However, future upper limits at 3×10−16 and 1×10−16 do create tensions of ∼ 2σ and
∼ 4σ for optimistic models with larger SMBHB merger rates respectively.
To further complete our model and relate our SMBHB merger rates to other observables, we
replaced the phenomenological SMBHB population function by one directly derived from
observations of the galaxy stellar mass function, pair fraction, merger timescales and galaxy
Mbulge−MBH relation. This allowed us to see how much PTA could help to improve current
constraints or whether there was any tension. Additionally, we also expanded the dynamical
properties of the binaries to also account for different stellar densitities around them. One
current, one future and one theoretic upper limit and 3 simulated detection cases were analyzed.
Preliminary results showed that current PTA upper limits can only add very little to our prior
knowledge of the exisiting constraints on the astrophysical parameters. As the upper limit
decreases to a realistic Ayr = 10−16 and a theoretical Ayr = 10−17, so do the overall ∼ 2.5σ
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and > 5σ tensions between the upper limit and the current constraints on galaxy mergers and
galaxy - black hole relations. Future upper limits may imply a lower than expected Mbulge−MBH
scaling relation, stalling of binaries and extreme eccentricities and environments of the binaries.
Simulated detections from IPTA30 over SKA20 to Ideal do progressively improve upon the
constraints. Notable constrainable observables are the effective merger rate in the Universe, the
time between pairing of the galaxies and the merger of the black holes, the scaling mass of the
galaxy - black hole mass relation and the dynamical properties of the binaries, i.e. eccentricity
and stellar density. Once again, these observables are dominant for the two main distinguishing
features of the characteristic spectrum. The low bend corresponds to the dynamical properties of
the SMBHB population. The high drop corresponds to the properties of the SMBHB population,
which is mainly determined by the scaling mass in the Mbulge−MBH relation. Lastly, the general
amplitude of the detection gives a measure of the effective merger rate as well as an idea on the
merger time scale.
This thesis has used a parametric model to efficiently compute the characteristic strain of the
GWB from a population of SMBHBs. The model has been expanded to include astrophysical
observables for the galaxy mergers and Mbulge−MBH relation as well as parameters describing
the properties of individual binaries, like eccentricity and density of the stellar environment.
However, it still has simplifying assumptions: 1. each binary has the same eccentricity and
stellar density at decoupling, 2. the evolution of the SMBHB up to GW emission is modelled as
hardening in a stellar environment, this does not account for evolution due to gaseous accretion
or subsequent galaxy merger and super massive black hole triplet interactions, 3. the population
of SMBHBs is the average population and not a realization of the Universe.
All these assumptions have to be addressed to complete the model and give us an accurate overall
picture on the constrainability of astrophysics with PTA GWB observations.
In addition, we have only focussed on the GWB, it is possible that there will be individual
detectable sources, which have been removed in the high frequency regime. These individual
GW sources have interesting individual properties of the SMBHB, but at the same time as they
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come from realizations of the underlying population they also provide valuable information on
the SMBHB merger rate. This information has been neglected in this thesis, but should be taken
into account to combine all the knowledge we can gain into a coherent model.
As the complexity of the model increases, the effiency of the computation decreases. This limits
the option to do sampling processes in a timely fashion to determine the posterior constraints.
Ideally, one would also want to run the sampling together with the timing model and noise
analysis for all the pulsars in the array simultaneously. Such a task is computationally not
feasible yet. Machine learning and other intelligent algorithms to compute the spectrum quickly
and accurately despite the increase in numbers of parameters in the model will become necessary.
Although, the question of whether the model becomes so degenerate, that no meaningful physics
can extracted, should also be posed.
Although, we can only learn very little from PTAs now with the current upper limits, in theory
PTAs have the potential to put very strong constraints on several aspects of galaxy and SMBHB
mergers. As the sensitivities of both electromagnetic and GW observations improve, we could
learn more and more about the cosmic history of massive galaxies and super massive black hole
binaries unveiling their astrophysical properties.
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Figure A1: Posterior density functions on the model parameters given the PPTA upper limit.
The nested sampling algorithm (see 4.4 in the main text) returns the full posteriors of the N-
dimensional parameter space and the model evidences (see Supplementary Table A2). Here we
show the posteriors for our main analysis of the PPTA upper limit using the default six parameter
model (θ = ṅ0,β ,z∗,α,M∗,et). The four panels show the result for each of the astrophysical
model priors: top left S16; top right KH13, bottom left G09, bottom right ALL. Within each
panel, the plots on the diagonal show the one-dimensional marginalised distributions for each
parameter with the posterior (thin-black) and prior (thick-green). The central plots show the
two-dimensional posterior distributions for each parameter pair (grey-shading) along with the
extent of the prior (thick-green contour). It is clear by comparison of the prior and posterior that
the current PTA observations impose little constraint on the shape of the SMBHB mass function.
For S16, the most conservative model (top left), the prior and posterior are virtually identical.
Even for the KH13 model (top right), the two distributions match closely, with only appreciable
differences for β and α due to the PPTA limit excluding the highest values of hc predicted by
the model (cf main text Fig. 4.1) resulting in a preference for large α and negative β . In fact,
for the mass function adopted in equation (4.2) of the main text, a large α results in a SMBHB
population dominated by low mass systems, which tends to suppress the signal. Likewise, a
small (or negative) β implies a sparser population of SMBHB at higher redshift, again reducing
the GW background level. In any case, current PTA measurements provide little new information
on the SMBHB cosmic population as also demonstrated by the small K-L divergences between




log10 ṅ0 β z∗ α log10 M∗ et
KH13 0.06 0.05 < 0.01 0.24 0.03 < 0.01
G09 < 0.01 0.01 < 0.01 0.04 0.01 < 0.01
S16 < 0.01 < 0.01 < 0.01 0.01 < 0.01 < 0.01
ALL 0.02 0.02 < 0.01 0.08 0.02 < 0.01
Table A1: Kullback-Leibler divergences for individual model parameters given the PPTA upper
limit. The K-L divergences in the table compare the marginalised prior and posterior distributions
for the individual parameters in the default 6-parameter model (θ = ṅ0,β ,z∗,α,M∗,et) and
given the PPTA upper limit. The K-L divergence is a measure of the degree of similarity between
two probability distributions with zero being identical. The rows indicate the four astrophysical
models used as priors in this study (KH13, G09, S16, ALL). As also seen qualitatively from
Supplementary Fig. A1, there is little difference between the prior and posterior for all four
models. KH13, the model predicting the highest characteristic strain as expected has the highest
K-L divergences, however as also shown by Supplementary Fig. A1 the difference is still small.
Model
h1yr,95% = 1×10−15 h1yr,95% = 3×10−16 h1yr,95% = 1×10−16
et et +η et et +η et et +η
KH13 −2.36 (0.85) −2.23 (0.84) −5.68 (2.25) −5.47 (2.25) −13.17 (5.18) −9.03 (7.11)
G09 −1.2 (0.39) −1.1 (0.39) −3.35 (1.11) −3.17 (1.09) −8.26 (2.86) −6.38 (4.02)
S16 −0.6 (0.37) −0.57 (0.38) −1.62 (0.69) −1.6 (0.71) −3.82 (1.42) −3.56 (1.48)
ALL −1.23 (0.62) −1.14 (0.62) −2.68 (1.33) −2.63 (1.31) −5.74 (2.50) −5.09 (2.53)
Table A2: Progression of model constraints with improving upper limits. The table shows the
natural logarithm of model evidences and associated hc Kullback-Leibler (K-L) divergences (in
parenthesis) for each of the astrophysical models: KH13, G09, S16 and ALL. We consider two
different parametrisations of the SMBHB dynamics; one which has only et as a free parameter
(column ‘et’, the 6 parameter model), and one where we add the normalization factor η to
the density at the influence radius ρi as a free parameter (column ‘et +η’, the 7 parameter
model). Numbers are reported for three values of the 95% PTA upper limit; the current upper
limit at 1× 10−15 and two possible future upper limits at 3× 10−16 and 1× 10−16. See also
Supplementary Note A1.
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The progression of constraints given improvements on the upper limit
From Supplementary Table A2 we see that, given the current upper limit of h1yr,95% = 1×10−15,
there are no significant differences between the 6 and 7 parameter results, with virtually identical
evidences and K-L divergences. Together with the flat et posteriors shown in Supplementary
Fig. A1, this leads us to an important conclusion: current PTA non detections do not favour
(nor require) a strong coupling with the environment. Neither high stellar densities (i.e. efficient
3-body scattering) nor high eccentricities are preferred by the data. The conservative S16 model
is always favoured, however even when compared to KH13, one obtains lnB = 1.76, which only
mildly favours S16 (Kass and Raftery, 1995). In addition, all K-L divergences are smaller than
unity, indicating only minor updates with respect to the hc prior distributions. This is another
measure of the fact that the data are not very informative.
Turning to the limit at h1yr,95% = 3×10−16, the K-L divergences of all models, with the exception
of S16, are now larger than unity indicating that the upper limit is becoming more informative.
In terms of model comparison, S16 is now mildly favoured with respect to G09 (lnB = 1.73)
and strongly favoured compared to KH13 (lnB = 4.06). Again, we note that adding η does not
make a significant difference to the model evidence. Even with such a low upper limit, neither
high eccentricity nor strong coupling with the environment improve the agreement between
model expectations and data. Although this seems counter-intuitive, we should keep in mind
that the upper limit is set around f ≈ 5×10−9Hz (cf main text Fig. 4.1). Any dynamical effect
should therefore cause a turnover of the spectrum around 10−8Hz to have an impact on model
selection, which occurs only in a small corner of parameter space where both et and η are high.
However, for all models h1yr,95% = 3×10−16 is still consistent with the tail of the hc distribution
when an f−2/3 spectrum is assumed. Invoking high et and η is not necessary.
The limit becomes far more interesting if it reaches h1yr,95% = 1×10−16. Now all K-L diver-
gences are substantial, indicating that the measurement is indeed informative. Model selection
now strongly favours model S16 compared to any other model, whether η is included or not.
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Even including all environmental effects, we find that S16 is decisively preferred over KH13 with
lnB = 5.47. Note however, that S16 has a log evidence of −3.56 of its own, considerably lower
than zero (the evidence of a model is unaffected by the measurement). Since delays and stalling
can potentially decrease the GW background by preventing many SMBHB from merging, it is
likely that a non detection at this level will provide strong support for those dynamical effects.
Paper X a b ε
(Häring and Rix, 2004) M∗ 8.2 1.12 0.30
(Sani et al., 2011) M∗ 8.2 0.79 0.37
(Beifiori et al., 2012) M∗ 7.84 0.91 0.46
(McConnell and Ma, 2013) M∗ 8.46 1.05 0.34
(Graham, 2012) M∗ 8.56 1.01 0.44
(8.69) (1.98) (0.57)
(Kormendy and Ho, 2013) M∗ 8.69 1.17 0.29
(Sani et al., 2011) Li 8.19 0.93 0.38
(Gültekin et al., 2009) σ 8.23 3.96 0.31
(Graham et al., 2011) σ 8.13 5.13 0.32
(Beifiori et al., 2012) σ 7.99 4.42 0.33
(McConnell and Ma, 2013) σ 8.33 5.57 0.40
(Graham and Scott, 2013) σ 8.28 6.01 0.41
(Kormendy and Ho, 2013) σ 8.5 4.42 0.28
(Shankar et al., 2016) σ 7.8 4.3 0.3
Table A3: SMBH-galaxy relations used to construct the astrophysical models. For each merging
galaxy pair, we assign a black holes with masses drawn from 14 SMBH-galaxy relations found
in the literature. In the table we list the relations used. The total black hole mass is described by
the relation log10M = a+blog10X . Here X = {σ/200kms−1, Li/1011L or M∗/1011M}, with
σ being the stellar velocity dispersion of the galaxy bulge, Li its mid-infrared luminosity, and M∗
its bulge stellar mass. Each relation is also characterized by an intrinsic scatter ε . In the table,
we list the parameters a, b and ε for each of the relations taken from the literature. There are two
entries for (Graham, 2012) who proposes a double power law with a break at M̄∗ = 7×10M,
for which the values in parenthesis refer to M∗ < M̄∗.
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Figure A2: Posterior distrubtions for a putative upper limit at h1yr = 1×10−16. Here we show
results of a upper limit of h1yr,95% = 1×10−16 for the six parameter model and astrophysical
prior KH13. Left panel, from top to bottom: characteristic amplitude, density mass function and
density redshift evolution of SMBHBs. In each panel, the dotted areas represent the astrophysical
prior, the shaded bands are the 68% and 90% of the posterior distribution and the solid thick
line is its median value. In the top panel only, the solid orange curve represents the bin-by-bin
95% upper limits at different frequency bins (with blue triangles indicating the frequency bins
we use), resulting in an overall limit h1yr,95% = 1×10−16. Right panel: the individual posterior
distributions. The diagonal plots show the one-dimensional posterior distribution (black) along
with the prior (green-thick), whilst the central plots show the two-dimensional posterior for each
of the parameter pairs again with the extent of the prior shown by the single green-thick contour.
We see that now all the posteriors differ significantly from the respective prior. Low β and z∗ are
preferred, because this suppresses the total number of SMBHs at high redshifts. Note that higher
values of ṅ0 are preferred. Although this might be surprising, it is dictated by the shape of the
prior of dn/dz (lower left panel); in order to minimize the signal, it is more convenient to allow
a negative β at the expenses of a higher local normalization ṅ0 of the merger rate. High α values
are clearly preferred, since they imply a population dominated by low mass SMBHBs (middle
left panel). The et posterior now shows a prominent peak close to the maximum et = 0.999,
with a long tail extending to zero (right panel, final plot). Very high eccentricities are preferred,
although low values are still possible. This is because 1× 10−16 is only a 95% upper limit,
therefore there is a small chance that a low eccentricity model producing a signal surpassing the
1×10−16 value is nonetheless accepted in the posterior.
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Figure A3: Prior density functions of the model parameters. The numerical SMBHB mass
functions obtained from the prior bands in main text Fig. 4.3 need to be related analytically
to the parameters of equation (4.2). Our strategy is therefore to make a large series of random
draws of the five parameters defining equation (4.2), and to retain only those sets that produce
dn/dz and dn/dM within the boundaries set by the empirical models shown in Fig. 4.3 of the
main text. The prior distributions for the individual parameters obtained in this way are shown
here. Top row from left to right ṅ0, β , z∗; bottom row from left to right α , M∗, et . The lines
represent the priors for the four astrophysical models KH13 (orange, solid), S16 (blue, dashed),
G09 (green dotted) and ALL (black dash-dot). We see that the redshift parameters (β and z∗)
have a very similar prior for each of the models. The main differences are seen in the number
rate density of mergers ṅ0 and in the mass distribution parameters (α and M∗). KH13 and ALL
prefer higher values of ṅ0. S16 allows for slightly higher values of α (in comparison to KH13
and G09), corresponding to a more negative slope on the mass distribution, with preference for a
larger number of low mass binaries. The eccentricity parameter et is unaffected by the choice of
model, therefore we place on it a flat prior in the range 10−6 < et < 0.999.
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Figure A4: Posterior distributions for a putative upper limit at h1yr = 1×10−16 with the addition
of a free stellar density parameter. Here we show results of a upper limit of h1yr,95% = 1×10−16
for the seven parameter model and astrophysical prior KH13. The plots show are identical to the
description of Supplementary Fig. A2, the only difference being the addition of the stellar density
parameter η . Most notably, we see now that extremely high eccentricities and high densities are
strongly favoured. This is primarily because the addition of η extends the prior in hc (shown in
the upper left panel) downwards quite below the level imposed by the upper limit. It is therefore
now easier to find points in the parameter space consistent with the measurement when et and η
are large. Should other SMBH-host galaxy relations being ruled out by independent constraints,
a PTA upper limit of 1×10−16 would provide strong evidence of surprisingly extreme dynamical
conditions of SMBHBs.
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Figure B3: Full corner plot of the 18 parameters for the PPTA17 case
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Figure B10: Full corner plot of the 18 parameters for the Ideal Eccentric case
173
